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Epigraph

Ego plus quam feci, facere non possum
Marcus Tillius Cicero
English, translation close to the original
More than I have done, I cannot do
or maybe it better sounds like this in standard English
I cannot do more than I have done






Foreword

Liquid crystals have found an important place in modern life. Just look around: we
see them in our clocks, computer displays, TV screens, telephones and calcula-
tors, car dashboards, photo-cameras, etc. Other applications include slide projec-
tion systems, spatial light modulators, temperature sensors and even liquid crystal
lasers. In all these technical innovations, which appeared over the life of only a
single generation, liquid crystals occupy a key position. This is because they
consume a barely perceptible amount of energy when they change their state
under external influences such as temperature, electric field, mechanical stress
or whatever. In addition, there are very important biological aspects of liquid
crystals.

The army of people working in the liquid crystal field continues to grow. The
first conferences held during the early part of the last century involved only tens of
participants; then, later, a few hundreds. More recently a wide river of principal
liquid crystal conferences has given rise to several subsidiary, but also quite broad
streams of meetings: Worldwide Conferences, European conferences, conferences
of National Liquid Crystal societies, separate conferences on chemistry (sometimes
only on chirality problems), optics, photonics and ferroelectricity of liquid crystals.
Each of such meetings attracts hundreds of participants, but of different profiles:
chemists, physicists, engineers for radio- and optoelectronics, biologists and phy-
sicians.

In recent years a group of several excellent top-level books have been published
on the physics of liquid crystals and many others, dealing with particular problems
related to physics of liquid crystals. Popular books on liquid crystals are very
scarce; only three of them are mentioned in the list presented in Chapter 1.
Evidently, there is a huge gap between the first group of books and the second.
The monographs have been written by theoreticians at a very high level using the
advanced mathematical apparatus of modern physics. The popular books are
written vividly without a single formula. If we consider the books as training
devices, the second group is designed for children’s school sports, the first for
Olympians. But what about the intermediate levels?

ix



X Foreword

This is the gap I would like to try to fill. The book proposed to bridge the gap has
been written by an experimentalist who, through all his life, has tried to understand
and explain to his students the complexity of liquid crystal physics using either
simple analogies or going back to the very first principles we have studied in middle
and high schools. In this book there is no sentence starting with “It is easy to
show. . ..””; either it has been shown, or explained by simple analogy. In fact I only
use mathematics at the level of engineering high school. In those cases when I need
something more (for example, the Fourier transform, tensor algebra or variation
calculus) I carefully explain all the details. In addition there are about 300 drawings
clarifying the text. The aim of the book is modest: it is to introduce to a reader the
most important ideas related to the structure and physical properties of liquid
crystals, including some of the theoretical aspects. The book is intended for a
wide spectrum of scientists, including experimental physicists, physical chemists,
engineers, and especially, for undergraduate students and Ph.D. students.

The book consists of three parts: Structure, Physical Properties, and Electro-
Optics of liquid crystals. Of course, I am aware that electro-optical properties may
be regarded as physical properties. However they are particularly relevant for
modern technology and correspond more to the author’s own interests. For these
reasons, electro-optic properties deserve a more honorable position. In the Part I,
after a brief introduction, there is a short first chapter devoted to symmetry, the
concept used throughout the book. In Chapter 2 we discuss the molecular aspects
and the fundamental issue for all liquid crystal phases (or mesophases), the problem
of the orientational distribution of molecules. In Chapter 3 there is a general
description of the most important liquid crystal phases, beginning with the nematic
phase and ending with chiral and achiral ferroelectric phases. After reading that
chapter, the reader who only wishes to make a slight acquaintance with liquid
crystals may quit or, at least, have a rest.

Chapter 4 will introduce the reader to the basic concepts of the X-ray analysis of
crystals and its applications to particular liquid crystal phases. It should be noted
that in the present literature this problem is not adequately dealt with anywhere, and
this chapter attempts to rectify this deficiency. Chapter 5 covers phase transitions,
one of the key problems of the liquid crystal physics, and which has been widely
discussed in other texts at very different levels. In this chapter I give only a detailed
explanation of the basic concepts of the phase transitions between most important
mesophases.

Chapter 6 heralds the second part of the book and introduces the reader to
anisotropy of the magnetic and electric properties of mesophases. Following in
Chapter 7 there is a focus on the anisotropy of transport properties, especially of
electrical conductivity. Without these two chapters (Chapters 6 and 7), it would be
impossible to discuss electro-optical properties in the third section of the book.
Further, Chapters 7 and 8 deal with the anisotropy of the properties of elasticity and
viscosity. Chapter 8 is more difficult than the others, and in order to present the
theoretical results as clearly as possible, the focus is on the experimental methods
for the determination of Leslie viscosity coefficients from the viscous stress tensor
of the nematic phase. Chapter 9 terminates the discussion of the anisotropy of
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physical properties. Here, the case in point is the interaction of liquid crystals,
mostly nematics, with a solid substrate. The problems of interfaces, especially,
surface polarization and anchoring conditions occupies the central place here and
the chapter is, in fact, a bridge between the second and third parts of the book.

Finally the three remaining Chapters 10—12 are devoted to optics and electro-
optics of, respectively, nematic, cholesteric and smectic (ferroelectric and antiferro-
electric) phases. In contrast to my earlier book published by Wiley in 1983, only the
most principal effects have been considered and the discussion of the underlying
principles is much more detailed.

Throughout the book the Gauss system of units is used, although all numerical
estimates of quantities have been made in both systems, Gauss and International
(SI). The referenced bibliography is rather small, because I deliberately included
only books, review articles and the seminal papers that paved the way for further
investigations. All these literature sources are presented with their titles.

This book was written over a long period of 10 years before and during my
teaching course (2003—-2009) of liquid crystal physics to Ph.D. students in Calabria
University (CU) (Italy). Among the students there were not only physicists but
chemists and engineers and even biologists. I have tried to make my course serious,
simple and interesting, but it is for others to decide if I have succeeded. I am
indebted to Prof. Roberto Bartolino for his invitation to work in Italy and to his
co-workers (Profs. G. Cipparrone, R. Barberi, C. Umeton, C. Versace, G. Strangi
and Drs. M. de Santo, A. Mazzulla, P. Pagliusi, F. Ciuchi, M. Giocondo and many
others) who were always friendly and attentive to any of my problems and from
whom I learned a lot of new things concerning both science and life. I would like to
express also many thanks to my coworkers from the Institute of Crystallography,
Russian Academy of Sciences Drs. M.I. Barnik, V.V. Lazarev, S.P. Palto, B.IL.
Ostrovsky, N.M. Shtykov, B.A. Umansky, S.V. Yablonsky and S.G. Yudin with
whom I had the pleasure to work on liquid crystals for many years and have this
pleasure now. I am always thankful to my friends-colleagues Guram Chilaya,
Dietrich Demus, Elizabeth Dubois-Violette, George Durand, David Dunmur,
George Gray, Etienne Guyon, Wolfgang Haase, Wim de Jeu, Efim Kats, Mikhail
Osipov, Alexander Petrov, Sergei Pikin, Ludwig Pohl, Jacques Prost, and Katsumi
Yoshino for fruitful discussions of many topics related and more frequently not
related to liquid crystals but making our life in science more colorful.
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Structure of Liquid Crystals



Chapter 1
Introductory Notes

First my middle school teachers and then my high school teachers told me that
substances could be in the form of gases, liquids and crystalline solids, between
which, on cooling, transitions could occur in the following sequence: gas —
liquid — crystal. And I believed them, although even then liquid crystals had
already been around for a respectable time. Today we tell students that if an
organic substance consists of rod-like molecules, it may, on cooling, change
from a gas to a normal (isotropic) liquid, then into a strange anisotropic liquid
(called a nematic liquid crystal), see Fig. 1.1.

Further cooling may cause the anisotropic liquid to change into a lamellar
structure, like a stack of paper, but with thin liquid sheets. Something that is a one-
dimensional crystal, but within the stack is a two-dimensional liquid. This is
the smectic A phase with molecules standing upright within the layer. Such layers
easily slide on each other. These three phases have been identified by Friedel [1]. On
further cooling the molecules may decide to tilt a little giving rise to the smectic C
phase, the tilt angle of which increases with decreasing temperature.

But this is not all. In other substances, further cooling the smectic A phase results
in the layers breaking up into hexagons but still sliding easily over each other; this is
the smectic By, phase. Only at even lower temperatures does the sample acquire a
normal crystalline structure. Thus instead of two phase transitions gas-liquid and
liquid—crystal we have found four or five transitions between different phases.

Other substances manifest other sequences. For instance, in organic compounds
having disc-like molecules we find a columnar phase built of liquid molecular
columns packed in a two-dimensional crystalline structure. It is a one-dimensional
liquid along the columns, and, at the same time, a two-dimensional crystal. An
ancient Greek temple with liquid columns would be a good model of the columnar
phase. Today we define liquid crystals as fluids with a certain long-range order in
their molecular arrangement (i.e. they are anisotropic liquids). Each mesophase is
a macroscopically uniform intermediate state between an isotropic liquid and a
crystalline solid. The history of liquid crystals began with the observation by
Reinitzer [2] of a strange phase intermediate between the liquid melt and the
crystalline phase upon heating and cooling cholesteryl benzoate. The samples of
this compound were sent by Reinitzer to O. Lehmann (Karlsruhe) who was an
expert in polarizing microscopy. In Fig. 1.2 we can see the nice photos of the two

L.M. Blinov, Structure and Properties of Liquid Crystals, 1
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Fig. 1.1 From left to right: molecular structure of isotropic, nematic, smectic A and smectic C
phases
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Fig. 1.2 Photos of Friedrich Reinitzer (/eff) and Otto Lehmann (right)

founding-fathers of the liquid crystal community taken from the book on liquid
crystal history written by Prof. Sonin [3].

It was Lehmann who, having investigated the gift of Reinitzer, understood that
he was dealing with a new state of matter. Lehmann also observed such intermedi-
ate phases in other substances and, at first, gave them the name flieffende Kristalle
(crystals showing fluidity) [4]. Later he decided that the term fliissige Kristalle
(liquid crystals) corresponds better to the essence of mesophases and used it as a
title of the very first book on liquid crystals [S] (for more details about history of
liquid crystals see [6, 7]).

Today we know that the cholesterol esters consist of helical (chiral) molecules,
and on cooling from the isotropic phase they undergo a transition into another phase
called a cholesteric phase. This shows unique optical properties. In Fig. 1.3a we see
a photo-image of a 20 um thick polycrystalline layer of cholesteryl acetate viewed
in a polarizing microscope. Upon heating the substance melts, that is it becomes
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Fig. 1.3 Photo-image of a 20 pum thick polycrystalline layer of cholesteryl acetate placed between
two cover glasses in crystalline phase (a), cholesteric phase (b) and at the transition from the
cholesteric to isotropic phase (c)

fluid but optically anisotropic and shows bright diffraction colours, Fig. 1.3b. With
increasing temperature we observe a phase transition to the isotropic phase. The
latter is not birefringent, and therefore looks black between crossed polarizers.
In Fig. 1.3c we see black drops on the bright background of the superheated
cholesteric phase.

It should be noted that the appearance of the “cholesteric” phase of Reinitzer was
different from the appearance of the classical cholesteric phase shown in Fig. 1.3b.
The phase was opaque and had blue tint. It took a century to decipher its structure:
it appears to be a blue phase (see Chapter 4) with a structure of liquid lattice
consisting exclusively of defects of an initially ideal helical structure. This phase is
periodic and shows Bragg diffraction of light in all the three principal directions.
Therefore, Reinitzer has discovered the first generic photonic crystal! At present, a
study of photonic crystals, mostly artificial, is one of the hot topics in physics [8].

The timing of the discovery of liquid crystals was unlucky. It coincided with the
period when the beautiful foundations of modern physics were being laid, but the
stone with the mark “liquid crystals” was somehow lost in controversy. Only now,
through the enormous efforts of several generations of scientists, has the missing
stone of liquid crystals been inserted in its legitimate place in the foundation
of Science. And among those who put liquid crystals into the mainstream of physics
there were such giants as F. Leslie, A. Saupe and especially P.G. de Gennes
(The Nobel Prize in Physics, 1991).

The early book of de Gennes [9] and the subsequent one written together with
Prost [10] may be highly recommended to physicists. During the work on the
present book I used them frequently as well as the other excellent books on liquid
crystal physics [11-14]. The reader can also find a great deal of interesting
information on particular problems related to the physical properties of mesophases
in monographs [15-21]. For newcomers I would recommend a nice, philosophically
tinted book by P. Collings [22], a piece of art prepared by A.S. Sonin in Russian
[23], and a slightly more scientific book written for schoolboys by S.A. Pikin and
myself [24] (in Russian and Spanish). The literature for further reading is given at
the ends of relevant chapters.
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Chapter 2
Symmetry

The concept of symmetry is equally important for understanding properties of
individual molecules, crystals and liquid crystals [1]. The symmetry is of special
importance in physics of liquid crystal because it allows us to distinguish numerous
liquid crystalline phases from each other. In fact, all properties of mesophases are
determined by their symmetry [2]. In the first section we consider the so-called
point group symmetry very often used for discussion of the most important liquid
crystalline phases. A brief discussion of the space group symmetry will be
presented in Section 2.2.

2.1 Point Group Symmetry

2.1.1 Symmetry Elements and Operations

There are only few symmetry elements, which generates a number of symmetry
operations [3, 4]. We may illustrate them by their applications to simple geometri-
cal objects.

(a) Proper rotation axis of nth-order, C,

Consider first rotational symmetry. Let us take an equilateral triangle and rotate it
clockwise about its center by 360°/3 = 120°, Fig. 2.1a. The new triangle would be
undistinguishable from the original one (but not identical). The symmetry element
we used is the proper rotation axis of order 3 (Cz-axis). The same triangle can be
rotated by a half of the full turn about one of the three other axes (medians going out
of each vertex), Fig. 2.1b. The corresponding symmetry element is a C, axis
(rotation angle 360°/2, n = 2). For a square, we can find one C4 axis and four C,
axes, for a hexagonal benzene molecule one Cq axis and six C, axes.

The symmetry element C; may generate two other symmetry operations. For
instance, applying C; rotation twice we again obtain an indistinguishable triangle.
Symbolically, C3* means rotation by 2 x 2m/3 = 240°. The same C; rotation
applied three times result in the exactly the same triangle. Therefore C5® is one of

L.M. Blinov, Structure and Properties of Liquid Crystals, 7
DOI 10.1007/978-90-481-8829-1_2, © Springer Science+Business Media B.V. 2011
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Fig. 2.1 Rotational a
symmetry. The illustration of
operations made by proper
rotation axes of third (a) and
second (b) order

Fig. 2.2 Bilateral symmetry.
Plane o, (vertical) is plane

of reflection that contains

the axis of the highest order
C; for the equilateral triangle.
After applying this element
points 1 and 3 exchange 1
their positions. Plane of

the triangle is reflection

plane o, (horizontal)
perpendicular to C;

the identity operations, C5> = E. Generally, the identity operation corresponds to
doing nothing with any figure and can also be obtained with C, or C, axes or with
any axis of order n: C22 = C44 =C,"=E.

(b) A plane of symmetry,

This element generates only one operation, a reflection in the plane as in a mirror,
Fig.2.2. Repeated twice this operation results in the initial structure that is 6* = E.
Taking again our triangle we can see that plane o interchanges points 1 and 3
leaving point 2 at the same place. Such symmetry is called bilateral symmetry.
There may be several symmetry planes and they designated either as oy, (the plane
perpendicular to the axis C, with highest number n) or o, (plane containing the
C, axis). By convention, the C, axis with highest number # is taken as a vertical,
therefore, indices 4 and v mean “horizontal” and “vertical”. In our figure we see
the o, plane, and the plane of the triangle is oy,. Note that a chiral object, for
instance a hand, has no mirror plane (however, two hands in praying position have a
mirror plane between them [4]).
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(c) Inversion center, I

This symmetry element / generates an operation of inversion through a point called
the inversion center, Fig. 2.3. Therefore now we deal with inversion symmetry. We
can take any point of an object and connect it by a straight line with the center O.
Then, along the same line behind the center and at the equal distance from it we
must find the point equivalent to the first one. A good example is a parallelogram.
Note, that two inversions result in the identical object, I’=E.

(d) Improper rotation, S,

This element is also called a rotation—reflection axis or mirror—rotation axis. It
consists of two steps, a rotation through 1/n of the full turn followed by reflection in
a plane perpendicular to the rotation axis, Fig. 2.4. A molecule of ethane in the
staggered configuration is a good illustration of S¢ rotation—reflection axis, see the
figure. Note, that this object has neither C¢ axis nor ¢ plane on their own. But after
combined operations C¢ (60° clockwise) and ¢ we obtain an indistinguishable
object with interchanged positions of all hydrogen atoms. Therefore S, and,
more generally, S, is independent symmetry operation. Like element C,,, element
Se may generate several operations, for instance, S¢> = C5 because this operation
consists of rotation by 2 x 2m/6 = 120° = 2n/3 and identity operation 6> = E.
Totally, Se? = C3E. Other examples are: S =C% 87 =0; 8 =C5 S = E.

Finally, we have five independent symmetry elements: identity E, proper rotation
axis C,,, symmetry plane G, inversion center / and rotation—reflection axis S,,, generating
single (elements E, &, I) or multiple (elements C,,, S,)) symmetry operations.

Fig. 2.3 Inversion symmetry.
Point O is inversion center and
the inversion operation
exchanges positions of points
1-1",2-2',3-3 etc.

Hs
0
H Hg : C
R4 0
H,
H,C - 6
o) 2

H, g

30° -
H, OH 0
3 H;

Fig. 2.4 Improper rotation. Axis connecting points C—C is a rotation-reflection axis S¢. An ethane
molecule has a symmetry element including two subsequent operations, the rotation of the whole
structure through an angle of 30° with a subsequent reflection by plane . After this the left and
right sketch become identical



10 2 Symmetry

2.1.2 Groups

Now, for each geometrical object or a molecule we can write a set of symmetry
operations, which transform the object into its equivalent formal representation. Let
consider three examples.

(i) Water molecule, Fig. 2.5a. It has the C, axis, two symmetry planes and
together with identity element we have a full set of symmetry operations E,
C,, o, ¢’. As we shall see soon this set corresponds to symmetry group Co,.

(i) The next is an ion [Co(NH3),CIBr]*™ shown in Fig. 2.5b. Its set of symmetry
operations is E, Cy, C42, C43 , 4o, (group Cgy).

(iii) Finally we take a flat borate molecule BCl; having the symmetry of an
equ1lateral trlangle therefore allowmg the followmg operations:
E, Cs, C% , Ca, Cz > Cz , Ch, 53, S% > Oy, Gv, oy, (group Djp).

Some operations belong to the same classes (see below), therefore we may write
the set in a more compact way: E, 2C3, 3C,, oy, 353, 30,.

It is essential that any element of each set of operations can be obtained by a
combination of other elements from the same set. Application of the subsequent
symmetry operations is called multiplication. For a water molecule we can write the
corresponding multiplication table, Table 2.1. For instance, the multiplication of
operations C, from the first row and the first column corresponds to the identity
operation, C, - C, = E, shown in the table. Further, C,6 = ¢’ and 6C, = &/, so
these operations commute in our particular case. Generally they may not commute
and the order of operations is important (by convention, multiplication operation
C,0 means that first we apply operation ¢ and then C5).

a
LN
¥
x >
)@°| o’y
Y’ |oy
G

Fig. 2.5 Set of symmetry operations and the structure for water molecule belonging to group C,,
(a) and the structure of ion Co(NH3)4C1Br]+3 belonging to group Cy, (b)

Table 2.1 Multiplication table for symmetry elements of water molecule

E C, c o’
E E C, c o’
C2 C2 E o’ c
c c o’ E C,
o’ o’ c C, E
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In the mathematical sense, each set of the operations shown above and, more
generally, characterizing the symmetry of objects of different shape forms a group.
So, what is a group? A set of elements A, B, C, etc. form a group if there is a rule for
combining any two elements to form their “product” AB (or A - B) such that:

— Every “product” of two elements is an element of the same set.

— There is a unit element E such that FA = AE = A.

— The associative law is valid, that is A(BC) = (AB)C, etc.

— Each element A has its inverse element A~ belonging to the same set such that
AAT'=AT'A=E.

The group “product” might be different (multiplication, addition, permutation,
space rotation, etc).

For example, a set of integers including negative, zero and positive numbers
-0, .y —N, ..., —3,—2,—1,0,1,2,3,...,n, ..., 00 form a group under addition
as a group operation. Indeed, all the group rules are fulfilled:

A+ B =C (e.g. 2 + 18 = 20) belongs to the same set,
evidently A+ B+ C)=A+B)+C
E =0 (e.g., 0 + A = A, that is addition of zero changes nothing)
A + (—A) = 0 = E (under addition as group operation (—A) symbolically means A~ ")

This group contains infinite number of elements, therefore it is an infinite group
or group of infinite order.

Another example is a set of four 2 x 2 matrices that form a finite group of order
4 (because we have four elements in the group) under multiplication operation (it
may directly be checked using the rule for matrix multiplication):

10 0 1 -1 0 0 -1
A R ) P R B

Here the identity element is matrix A, the associative law for matrices is always
valid, the inverse matrices are B for D and vice versa (BD = DB = A), elements
A and C are inverses on their own (AA = A, CC = A). It is interesting that there is a
one-to-one correspondence between the elements of the group of our four matrices
and the elements of the group of complex numbers 1, i, —1, —i. The two groups
have the same multiplication table. For example, the product of the elements of the
first group (matrices) B;C; = D, corresponds to the product B,C, = D, of the
second group (numbers). Therefore, we say that these two groups are isomorphic.

The concept of isomorphism is very important. Here, we are interested in the
groups of elements whose products are symmetry operations. Each set of symmetry
operations is a group, which may be represented by a group of matrices isomorphic
to our group. To demonstrate this, let us go back to group C,, in Fig. 2.5a and pay
attention to the coordinate system: this is the basis for representation of the selected
group in the matrix form. Since the water molecule is two-dimensional the group
will be represented by 4 x 4 matrices. We shall consider the hydrogen—oxygen
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bonds as vectors x, y and the symmetry operation will transform them into vectors
x’and y’. The identity operation E does not change anything, and this operation is
represented by the unit matrix E:

10 10 1 0], [1o0
e=lp dfeslo Sleslo Awslo i e

The C, operation exchanges only y-projections of the two vectors, and this is
given by matrix C,. In our particular case, the result of G, operation is the same and
the corresponding matrices C, and o, are equal. Operation c,” does not change
positions of the two vectors and is matrices E and o,/ are identical. The sums of the
diagonal elements of a matrix is a trace or a character of the matrix. Our matrices
have the following characters 2, 0, 0, 2 corresponding to one of possible representa-
tions of group C,,.

Therefore, we can operate with the matrices using a powerful apparatus of modern
mathematics and obtain important results not at all evident from the beginning. Such
a theory of group representations will not be considered here although that theory is
very powerful and widely used not only in crystallography [2] but in many areas of
physics [1, 5, 6]. In this section we shall only list the sets of symmetry operations
corresponding to the most important point symmetry groups. The term “point”
reflects the fact, that under any operation of the groups listed, at least, one point of
the object is not changed. For comparison, when an object is translated in space we
should discussed its translational symmetry and corresponding space symmetry
groups [7].

2.1.3 Point Groups

Generally, there is infinite number of point groups, but not all of them correspond to
real physical objects such as molecules or crystals. For example, only 32 point
groups are compatible with crystal lattices. Each of them is labeled by a certain
symbol according to Schonflies or according to the International classifications. The
Schonflies symbols are vivid and more often used in scientific literature. Here we
present only those point groups we may encounter in the literature on liquid
crystals.

In the Table 2.2 the Schonflies symbols are given on the left side, symmetry
operations (not symmetry elements) are given on the right side. As we see a number
of symmetry operations increases from top to bottom. Therefore, we say that Dy, is
more symmetric phase than, say, C,;,. The capital letter D (with index n =2,3,6,...)
is used when n number of C, axes appear, which are perpendicular to the principal C,,
axis. All symmetry operations except 64 have been discussed above. The operation
G4 appears in Dy, Dg, etc. to distinguish between vertical reflection planes o,
containing the C, axes and additional planes (also vertical) passing along bisectors
between already available pairs of the C, axes.
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Table 2.2 Some point groups with Schonflies and international symbols

Schonflies symbol International Symmetry operations

C, 1 E

Cs or Clh m E, Oy

CiorS, 1 E, I

C, 2 E, C,

C2h 2/m E, Cz, I, Op

Cyy mm E, C,, oy, 6,/

Csy 3m E, 2C;, 30,

Doy mmm E, 3C,, I, oy, 0y, G/

D3h 6}’[’[2 E, 2C3, 3C2, G, ZS';, 3Gv
D6h 6/mmm E, 2C6’ 2C3, Cz, SCZI, SCZH, 1, 253, 256’ Oh, 3Gd, 3GV

Fig. 2.6 The procedure Operation
illustrating that, in NH; 5Cy0 = C§
molecule (group Cs,),
operations C5 and C, belong o,
-~ o
to the same class and .
operations G, ¢’, ¢’ belong to
another class \ 23
~~. ©
GN . ~~~~

For the sake of brevity, some operations form classes consisted of conjugate
symmetry operations. For example, consider the Cs, group: operation 2C; includes
two conjugate operations C3 and C5% (not two C; axes!). The definition of the
conjugate elements of a group is as follows: we say operations A and B of a group
are conjugate and belong to the same class if XAX ' = B where X is any of the same
group operations and X ' is its inverse operation. Therefore, B is similarity
transform of A (note, that XX ' = E). Note that single operation E forms the
class on its own because, for any X, XEX '=EXX ' =E.

Since operation G is equal to its own inverse, it is convenient to use it as X and
analyze whether operations C,. form a class or not. For example, consider NHj;
molecule (group Cs,) whose projection along the C; axis is shown in Fig. 2.6. Let us
take point P and, at first, make twice C3 operation to arrive at point P’. Then, we
start again from point P and, guided by arrows in the figure, make operation
6C;6~'. We again arrive at point P’. Therefore 6C36~' = C5% and operations
C; and C5” belong to the same class. Now, since from the C; symmetry is evident
that C5 is inverse of C5”, we may find a conjugate of 6: C36C5> = c”. Finally, all
symmetry operations for the Cs, group, i.e. E, C3, C5%, 6, &', 6" can be combined in
three classes E, 2C3, 30, as shown in Table 2.2.
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2.1.4 Continuous Point Groups

There are also so-called continuous point groups, which include rotations of
objects (or coordinate systems) by infinitesimal angles. Therefore the number of
their elements tends to a limit that is infinity and the groups themselves are infinite.
The continuous point groups were introduced by P. Curie and can be represented by
physical objects [3]. Totally there are seven continuous groups. They are important
for description of very symmetric liquid crystalline phases such as nematic,
smectic A and polar nematic phase the existence of which is still under discussion.
There are also continuous space groups describing helical (chiral) phases, see
below. For the beginning consider the groups of cones. The symmetry of an
immobile cone, see Fig. 2.7a, is C,,, (or com according to the International
classification). It includes an infinite order axis C., an infinite number of symme-
try planes o, like the ABC plane but has no &}, plane. Therefore, the C.-axis has
properties of a genuine vector. We say this axis is a polar axis and the phase is also
polar, in particular, it may possess spontaneous polarization. In the liquid crystal
physics this group would describe the polar nematic phase, the very existence of
which is still questionable. The rotating cone, see Fig. 2.7b, has polar symmetry
reduced to C, (or co) because the only symmetry element is a rotation axis C,, with
n = oo. Due to rotation there is no symmetry plane. The cone may rotate either
clockwise or anti-clockwise and we can say that it has two enantiomorphic
modifications.

The next is a series of cylinders. The immobile cylinder has symmetry elements
shown in Fig. 2.8a: a rotation axis of infinite order C,, an infinite number of C,
axes perpendicular to C,., a horizontal symmetry plane G}, and infinite number of
vertical symmetry planes o,. Its point group D, (or co/mm) corresponds
to symmetry of the conventional (non-chiral) nematic or smectic A phase. A
rotating cylinder, Fig. 2.8b, has no C, axis perpendicular to the C, rotation axis
but has a horizontal symmetry plane Gy, (no chirality). Its point group symmetry is
Coon (or oo/m). A twisted cylinder, Fig. 2.8c, is chiral therefore has lost all
symmetry planes but still has the C, axis and infinite number of C, axes perpen-
dicular to C,. Therefore, according to Schonflies, it keeps the D letter and its
symmetry group is D, (or c02) corresponding to chiral cholesteric or chiral
smectic A* phase. Both the twisted and rotating cylinders may be encountered in

A Cor

Fig. 2.7 Continuous groups
of cones: symmetry elements
of an immobile cone C,
) C
(a) and group of a rotating 'c, @
cone C, (b) !
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Fig. 2.8 Continuous groups
of cylinders: symmetry
elements of an immobile
cylinder, group D, (a), the
group of a rotating cylinder

C o (b) and chiral group of a
twisted cylinder D, (¢)

Fig. 2.9 Continuous groups
of spheres: group of a chiral
sphere K or R (a) and group
of achiral (having mirror
symmetry) sphere K;, or O (b)

two enantiomorphic modifications. Note that all cylinders and cones are optically
uniaxial.

The two objects shown in Fig. 2.9 are spheres made of different materials. The
sphere (b) is made of non-chiral material. Such a sphere has full orthogonal
symmetry group O(3) or K;, (i.e. cooom): infinite number of C,, axes, infinite
number of reflection planes passing through the center of the sphere, an inversion
center. Any isotropic achiral liquid has this point symmetry group. However,
liquids consisting of chiral molecules, which rotate the light polarization plane
(like some sugar solutions), have lower symmetry, Fig. 2.9a; they belong to the full
rotational group R(3) or K (or cooco) because they have lost all symmetry planes and
the inversion center. To conclude, the full list of seven continuous point groups
includes (in the order of reducing symmetry): spheres (Kj, K), cylinders (Do,
Coohs Doo,), and cones (C., and C,.).

2.2 Translational Symmetry

(a) Crystals made of atoms with spherical symmetry

Such crystals have only translational (i.e., positional) order and no orientational
order. Their structure is characterized by (i) the point group symmetry of an
elementary cell which includes rotations, reflections and inversion as group opera-
tion and (ii) the group of translations which includes vectors with their addition as a
group operation. The translation vector is T = n;a + n,b + n3c where a, b, ¢ are unit
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Fig. 2.10 The translation
vector T = nja + nob + nse
withn; =2, n,=1,n3=1;
(a), (b) and (c) are unit basis
vectors

Fig. 2.11 Molecular crystal a

with rigidly fixed molecules %
(a) and Euler angles 9 and @

(b) for a particular molecule /

vectors and n; are integers. For example, n; =2, n, = 1, n3 = 1, see Fig. 2.10. The
overall symmetry (the crystal group) is determined by combination of all these
elements.

(b) Molecular crystals

Due to anisometric (particularly elongated) shape of molecules, these crystals
possess both the translational and orientational order. The latter is determined by
Euler angles 3, ® such molecules form with respect to selected coordinate frame as
shown in the right part of Fig. 2.11. The third Euler angle ¥ describing rotation of a
molecule about its longest axis is not shown for simplicity. The point group
symmetry includes this orientational order.

(c) Plastic crystals and liquid crystals

A loss of the orientational order of a molecular crystal due to free rotation of
molecules around x, y and z-axes with the positional order remained results in
plastic crystals. The point group symmetry increases to that characteristic of
crystals with spherical atoms. However, such crystals are much softer. An example
is solid methane CH,4 at low temperature.

A loss of the translational order (at least, partially) results in liquid crystals
of different rotational and translational symmetry. On heating, one can observe
step-by-step melting and separate phase transitions to less ordered phases of
enhanced symmetry. On cooling, correspondingly one observes step-by-step “crys-
tallization”. An isotropic liquid is the most symmetric phase, it has full translational
and orientational freedom, and this can be written as a product of group multipli-
cation, O(3) x T(3), where O(3) is the full orthogonal symmetry (infinite and



2.2 Translational Symmetry 17

Fig. 2.12 One-dimensional a b
(a) and two-dimensional (b)

periodicity in the three- - <
dimensional space W\\

=8

continuous) group and T is the full infinite continuous group of translations [8].
Upon cooling, a series of phase transitions occurs, and each time the symmetry is
reduced. Each new point symmetry group is a subgroup of O(3) and a new group of
translations is a subgroup of T(3). For example, on transition to the nematic phase
the translational freedom is not confined but the rotational symmetry is lowered and
the full symmetry is reduced to D, x T(3).

In Fig. 2.12a one-dimensional periodic structure is shown in the three-dimensional
space. The curve line having point group Cyy, (or Cy) is repeated with a certain period
along the horizontal axis. Such translation may be symbolically written as T;>. It is
the same space group the smectic A phase has, see Fig. Int.1 in Chapter 1. In
Fig. 2.12b the two-dimensional hexagonal lattice in the three-dimensional space
(T,?) is presented. We shall discuss later the smectic B phase having this type of
the hexagonal order of molecules.

It should be noted that cholesteric liquid crystals (chiral nematics) having point
group symmetry D, are also periodic with the pitch considerably exceeding a
molecular size. The preferable direction of the local molecular orientation, i.e. the
director oriented along the C, axis, rotates additionally through subsequent infini-
tesimal angles in the direction perpendicular to that axis. Hence a helical structure
forms with a screw axis and continuous translation group.

(d) Classification of liquid crystals
Liquid crystals can be classified according to

(i) Their mean of formation: thermotropic (change of temperature and pressure),
lyotropic (change of the molecular concentration in water and some other
solvents), carbonized (change of polymerization degree), some rare special
mechanisms (e.g., formation of chain structures in some inorganic substances).

(ii)) Molecular shape, as discussed in Chapter 2, like rod-like or calamitic (from
Greek kadapol that means “cane”), discotic, banana- or bent-like, dendrites, etc.

(iii) Optical properties (uniaxial, biaxial, helical).

(iv) Chemical classes (biphenyls, Schiff bases, pyrimidines, tolanes, etc).

(v) The symmetry of a liquid crystalline phase which determines physical properties
of the phase. This classification is a generalization of the earlier one suggested
by G. Friedel. In Chapter 3 we consider symmetry and structure of the most
important liquid crystalline phases.
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Chapter 3
Mesogenic Molecules and Orientational Order

3.1 Molecular Shape and Properties

A great variety of organic molecules can form liquid crystalline phases. They are
called mesogenic molecules and belong to different chemical classes, see the
comprehensive book by G. Gray on chemical aspects [1] and his review articles
[2, 3]. The discussion of more recent achievements in the chemistry of liquid
crystals may be found in beautifully illustrated article by Hall et al. [4].

3.1.1 Shape, Conformational Mobility and Isomerization

Figure 3.1 represents the characteristic types of mesogenic molecules. Among them
are rods, laths, discs, helices which are more popular for physical investigations and
technological applications and also main-chain and side-chain polymers. We may
add to this list banana- or bent-shape molecules and dendrimers [4] that recently
become very popular.

Rigid rods (a), laths (b) and disks (c) have no conformational degree of freedom.
They are very convenient for theoretical discussions and computer simulations of
the mesophase structure. Closer to reality are rods (or disks) with flexible tails
(hydrocarbon chains) shown in Fig. 3.2a, which facilitate formation of layered
liquid crystal phases. As an example of conformational degrees of freedom of
flexible molecular fragments is the frans—cis isomerization. In sketch 3.2b trans-
form is on the left, cis-form in the middle, a combination of the two on the right.
The rotational isomerization is another example: in sketch 3.2c the internal rotation
of phenyl rings about the single bond in a biphenyl moiety is sketched.

A molecule having the same chemical structure can exist in different atomic
configurations [5]. It forms different stereoisomers either mesogenic or not. One
important example is a molecule of cyclohexane (CH in Fig. 3.3) having all the
bonds single. The cyclohexane can acquire a form of either chair or trough to be
compared with a flat form of the benzene molecule having conjugated single and
double bonds. Moreover, the cyclohexane molecule reveals another type of

L.M. Blinov, Structure and Properties of Liquid Crystals, 19
DOI 10.1007/978-90-481-8829-1_3, © Springer Science+Business Media B.V. 2011
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j
Fig. 3.1 Different forms of mesogenic molecules: rods (a), lath-like (b), discs (c), swallow-tail (d),

bowls (e) double swallow-tails (f), main-chain (g) and comb-like (h) polymers, propellers (i) and
spirals (j)

Fig. 3.2 Different degrees a
of freedom for non-rigid
mesogenic molecules:

molecules with flexible tails P V2N
(a), trans-, cis- and combined /\l /\l\/\j

trans-cis isomerisation of the c
flexible chains (b); rotational
isomerism of biphenyl
moiety (c)
a b c
c t

(4

Fig. 3.3 Rigid benzene molecule (a) and chair (b) and trough (c¢) isomeric forms of a cyclohexane
molecule

isomerization. The hydrogen atoms marked by ¢ and c letters are in nonequivalent
positions with respect to the longest molecular axes: only the trans-position is
compatible with that axis. It is known that atoms in different positions have
different chemical reactivity. For instance, the -COOH group can be attached to
the cyclohexane moiety in the trans-position. Then, a combination of the chair CH
structure with the trans-position of that group, due to a chemical reaction, results in
an elongated overall structure of the new-synthesized molecule, which is more
appropriate for liquid crystal formation. In addition, elongated dimers can form due
to H-bonds between —COOH groups, see below.
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3.1.2 Symmetry and Chirality

The word chirality originates from Greek yipoc (hand). Chiral objects (and
molecules) have no mirror symmetry (no one mirror plane). Examples of such
objects are spirals, propellers, screws, hands. Note that the symmetry of a liquid
crystal phase is not the same as the symmetry of constituent molecules but they
often share some symmetry elements. As an example let us look at the symmetry of
a “brick” and a “building” in Fig. 3.4. They are different although it is not a
convincing example, because our tower has not been erected by self-assembling
of bricks.

Chiral molecules, only left or only right, form chiral phases, left and right chiral
molecules in equal amount form achiral (enantiomorphic) phases [6]. Consider a
chiral molecule of a popular compound DOBAMBC (D(or L)-p-decyloxybenzyli-
dene-p’-amino-2methylbutyl cinnamate). It has an asymmetric carbon in its tail and
form a chiral SmC#* phase in the range of 95-117°C, Fig. 3.5a. A molecule with a
chiral tail looks like an ice-hockey stick and forms a helical liquid crystal phase.
Left and right forms of a chiral tail result in the left and right handedness of a
molecule Fig. 3.6. On the other hand, chirality of cholesterol esters is exclusively
due to a curvature of the molecular skeleton Fig. 3.5b.

The synthesis of chiral molecules is a real challenge. There are, at least, three
different approaches.

(i) A chemist needs simple chiral molecules as initial or intermediary reagents.
They can be found among natural substances because the Nature selects left or
right forms. For example, left (or right) amino acids can be used. Then the
synthesis can be continued until the left (or right) form of the final chiral product
is obtained.
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a asymmetric carbon
H

CioH2s —@—CH=N —@— CH:CH—COO—CHZ—(llj* CoHs
CHs

b

Cholesteryl acetate
Cr-26°C-Ch-41°C-Iso

CgH;7-CH=CH-(CH,){,)OCO

Fig. 3.5 Chemical formulas of two important chiral molecules: DOBAMBC (a) and cholesteryl
acetate (b)

Fig. 3.6 Asymmetric Right Left

carbon and its left
H H
/CSV é\ CH
CH C,H; CaH; 8

or right surrounding
3

(ii)) As shown by Pasteur, chiral solutes can crystallize from a solution in the form
of left and right optically active crystals and left and right chiral isomers can be
separated.

(iii) The synthesis can be made in the chiral conditions (e.g., in a chiral solution,
like a cholesteric liquid crystal, or on special substrates, or using a chiral, one
directional stirring, etc.).

(iv) Chirality can be created optically by circularly polarized light.

3.1.3 Electric and Magnetic Properties

(a) Polarizability

All atoms and molecules can be polarized by an electric field. The polarization
(induced dipole of a unit volume) is P = o E where o is molecular polarizability. For
spherically symmetric atoms or molecules (like C60 fullerenes) the polarizability is
a scalar quantity (tensor of zero rank) and P||E. In general case of lath-like mole-
cules, o;; is a second rank tensor (9 components) and P; = o;E;. By a proper choice of
the reference frame the tensor can be diagonalized
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Oy O 0
wi=|0 a, O
0 0 o

and components d.,,, o, and a._, represent three principal molecular polarizabilities.
For molecules having cylindrical symmetry (rods or disks) with the symmetry axis
z, only two different components remain o, = o, = o, and o, = oy.

(b) Permanent dipole moments

If a molecule has an inversion center it is non-polar and its dipole moment (a vector,
i.e., a tensor of rank 1) p, = 0. In a less symmetric case p, is finite. It is measured in
units Debye and in the Gauss system 1D = 10~ '® CGSQ-cm (3.3 - 10 C-m in SI
system). More vividly, 1D corresponds to one electron positive and one electron
negative charges separated by a distance of ~0.2 A. The dipole moment of a
complex molecule can be estimated as a vector sum of the moments of all intra-
molecular chemical bonds, p, = X p;. Consider two classical examples shown in
Fig. 3.7.

(i) A molecule of 5CB (4-pentyl-4’-cyanobiphenyl) has a longitudinal electric
dipole moment about 3D due to a triple -C=N bond.

(ii) A molecule of MBBA (4-methoxy-benzylidene-4’-butylaniline) has a trans-
verse dipole moment due to the methoxy-group and, of course, both molecules
have anisotropic polarizabilities.

The vector of a permanent dipole moment p. and polarizability tensor o;
describe the linear (in field) electric and optical properties. The nonlinear properties
are described by tensors of higher ranks (this depends on the number of fields
included). For instance, the efficiency of mixing two optical waves of frequencies
®; and m; is determined by polarization Py(w3) = v, E(o;) - E[(0,) where E(w,)
and E/(®,); are amplitudes of two interacting fields. Here v, is a third rank tensor of
the electric hyperpolarizability.

(c) Magnetic moments

A magnetic field induces magnetic moments in a molecule: p,,; = myH;. The
diamagnetic susceptibility tensor m;; has the same structure as the tensor of

- 0 - - 0, -
Fig. 3.7 The most popular 5CB  Cr-22°C-N-35"C-Iso

among physicists molecules
5CB (a) and MBBA (b) CsHyy CN
forming liquid crystals at Pe

room temperature. Note

strictly longitudinal and b MBBA Cr-21°C-N-47°C-Iso
almost transverse direction of

Pe
the dipole moments of the two H3C\
molecules with respect to )z(—©—CH:N—©— C4Hq
their long molecular axes
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molecular polarizability with three or two different principal components. Some
molecules possess permanent magnetic moments. For instance, the moments origi-
nate from unpaired electron spins in the inner shells of such metal atoms as M = Ni,
Co, Fe, etc. in metal-mesogenic compounds (Fig. 3.8).

Another case is free radicals with permanent magnetic moments of such molec-
ular groups as —NO, in which unpaired electron spins are located on oxygen atoms.
Stability of such radicals is provided by sterical screening of a reaction center from
the surrounding medium by bulky chemical groups (like methyl one). Such a
radical can be a fragment of an elongated mesogenic molecule. It should be
noted, however, that the field orientation of spin moments is almost decoupled
from the molecular skeleton motion (in contrast to electric moments of molecular
groups). The simultaneous orientation of spins and molecular skeletons by a
magnetic field takes place only if the so-called spin-orbital interaction is significant.

3.2 Intermolecular Interactions

Atoms in an organic molecule are mostly bound by covalent bonds with high intra-
molecular interaction energy W ~ 10'* erg/M (or 100 kJ/M in SI units). In units
more convenient for a physicist: W = 10° J/(1.6 - 107" - 6.02 - 10%) ~ 1 eV/
molecule. Intermolecular interactions are essentially weaker, of the order of
0.01-0.1 eV. Their nature can be quite different. A good example is SCB forming
molecular dimers, Fig. 3.9, due to interaction between two dipoles located on the
two cyano-groups. Below we shall briefly consider the most important mechanisms
of interactions between liquid crystal molecules. For the more advanced discussion
of intermolecular potentials see [7].

CH;(CH,), @—[ N /,

Fig. 3.8 An example of a molecule of metal-mesogenic compounds

005 &

Fig. 3.9 A structure of a dimer formed by two molecules of compound 5CB due to dipole-dipole
interaction. P, and o;; are molecular dipole and polarizability

n-CB dimer
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(a) Electrostatic interaction

At a large distance from a system of charges, the electric field around the system
can be expanded in a series of multipoles, see Fig. 3.10. Correspondingly the
electrostatic molecular interactions can be classified by interaction energy as
follows [8]:

Monopole (¢) — monopole (g) (Coulomb energy): W~ ¢*r
Monopole (g) — electric dipole (p.): qurz (Fixed dipole)
apirt (Free rotating dipole)
Dipole (p.) — dipole (p.) (Keesom energy): p1p2/1‘3 (Fixed dipoles)
Pip A IkTrS (Free rotating dipoles)
Monopole (g) — induced dipole: ot
Dipole (p.) — induced dipole (Debye energy): plzoc/r6

Dipole—quadrupole, quadrupole—quadrupole, etc.

These general formulas can be used in the molecular theory of formation of
mesophases.

(b) Dispersion interaction

This is also dipole—dipole interaction but between oscillating, not permanent
dipoles. It is a pure quantum-mechanical effect of oscillatory motion of electrons
in the ground state. It is described by the London formula (here v is a frequency of a
single oscillator considered):

3(hv)a?

Ups = —
1.2 4y6

In a more general case one has a sum of different oscillators. The dispersion
interactions are partially responsible for the well known attractive term a/V>
between neutral molecules in the Van der Waals equation of state
(p+a/V*)(V — b) = RT. The corresponding energy is of the order of 0.1 kJ/M
or 10~* eV/mol. By the way, the repulsive term (V — b) in the same equation that
takes into account the excluded volume effect » is due to the steric interaction
discussed next.

(c) Steric interaction and intermolecular potential

Classically, one can consider atoms or molecules as non-penetrable for other atoms
or molecules, Fig. 3.11. In fact it is a quantum-mechanical effect related to the Pauli
principle. For spherical molecules, the Lennard-Jones (or 6—12) potential is often
used [8, 9]:

Fig. 3.10 Structures of ® @ @
different molecular %E’
multipoles, which could be monopole dipole quadrupole octupole

responsible for the interaction
of mesogenic molecules
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Fig. 3.11 The form of the U, Steric
Lennard-Jones potential for 1
interaction of two spherical r
molecules located at a R
¥

distance r from each other :
‘ w//:_ﬁ

V-d-W attraction

T T 11

-2
. ' Gay-Berne
potential

-3 T T T

Fig. 3.12 Gay-Berne potential U(r) as a function of intermolecular distance r between elongated
molecules. Black ellipsoids mimic the pairs of interacting molecules in different geometry of
interaction. Both scales are arbitrary

where x = r/R, R and ¢ are the equilibrium distance and interaction energy shown in
the figure. For elongated molecules consisting of several atoms, the Gay—Berne
potential shown in Fig. 3.12 is more realistic. This potential takes into account a
mutual orientation of elongated molecules. From the same figure one may see how
the equilibrium distance and the depth of the energy minimum differ for differently
oriented molecules.

(d) Hydrogen bonds

This either intra- or intermolecular bond arises between strongly electro-negative
atoms, such as oxygen or nitrogen, chlorine and fluorine. These atoms can be bound
by a mediator, a proton that is partially forms a covalent bond with one of such
atoms but also strongly interacts with the other electronegative atom. In this
situation, an electrostatic interaction plays the dominant role but with some admix-
ture of the covalent bond. To some extent, a proton has common orbital for the
two connected atoms. A well-known example is water where oxygen atoms form



3.2 Intermolecular Interactions 27

a network using the hydrogen atoms as bridges between them. A typical energy of
the hydrogen bond is rather high, 10-50 kJ/M, i.e. 0.1-0.5 eV/molecule.
Hydrogen bonds can be responsible for formation of molecular dimers which, in
turn, become building blocks for liquid crystal phases as shown Fig. 3.13a. Without
O. . .H bonding, short molecules of benzoic acids would never form the nematic or
SmC phases as they, in fact, do. Another example is the derivative of the cyclohexane-
carboxylic acid (CHCA) shown in Fig. 3.13b Such cyclohexane-type dimers form
the nematic phase with very low optical anisotropy. In the molecule (monomer) the
cyclohexane moiety is in the chair-form and the —-C4Hg and —COOH groups are in
the trans-positions (¢) as explained in Fig. 3.3. Such a dimer (¢frans-isomer) may be
considered as rod-like. The corresponding cis-isomer would have a strongly bent-
shape structure hardly compatible with liquid crystal phase. By the way, similar but
reversible trans—cis—trans photo-isomerization is observed in compounds with azo-
(-N=N-) or azoxy-(-N=NO-) bridges between phenyl rings. Such compounds
may be used for the light control of the liquid crystal structure and properties.

(e) Hydrophilic and hydrophobic interactions

These interaction, although very important, are not as fundamental as the others.
They are related to the affinity to water. Hydrophilic interactions include the same
electrostatic, steric and H-bond interactions and all of them are, generally speaking,
electromagnetic. The hydrophobic “interaction” is an entropy effect; there is no
special repulsive force. For example, oil and water are immiscible. Merely water
molecules feel more comfortable among the same neighbors, to which they form a
network of H-bonds. If an oil molecule with its long hydrocarbon tail were
incorporated into water, it would destroy the network and reduce the entropy of
the mixture.

a
0...H-O
7 AN
CsHyy <: :> C\ /C_<: :>—C5H11
H...O/

O-
\a hydrogen bond
b

A
b,

O.
7 H
¢ ™

> H,

Fig. 3.13 The role of the hydrogen bond in formation of dimers of benzoic acid molecules (a) and
cyclohexane-carboxylic acid molecules (b)
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3.3 Orientational Distribution Functions for Molecules

The translational and orientational degrees of freedom can be treated separately
(this follows from fundamentals of group theory which states that groups of translations
and rotations are subgroups of the crystalline space groups: P(r, Q) = P(r) x P(Q).
Here x is a symbol of the group product. In particular case of the isotropic liquid or
nematic phase (no positional order) P(r, Q) = pP(Q) where p = constant is density.

Generally, a one-particle distribution function P(r, Q) represents a probability to
find a molecule with orientation Q at position r. Here Q includes three Euler angles
W, ® and ¢ as shown in Fig. 3.14. This probability is assumed to be independent of
other particles. In the figure, x, y, z is a Cartesian laboratory frame, the z-axis is
taken as a reference: usually it coincides with one of the symmetry axis of a
molecular system. For a nematic phase discussed in this chapter, such a symmetry
axis coincides with the preferable axis of orientation of molecules. This axis is
called the director, a unit axial vector with head and tail indistinguishable, n = —n.
We say the director has head-to-tail symmetry. If there is no interaction with
surrounding, the director may take any direction and its realignment cost no energy
(no energy gap to overcome). Such a gapless orientational motion that restores the
spherical symmetry of the isotropic phase is called a Goldstone mode. Evidently,
that the direction of the director may be fixed by a weak magnetic field or by
interaction with the surfaces, and our z-axis is assumed to be fixed by some external
factor.

The frame &, n, { is attached to a molecule. Then Euler angles correspond to

— Deflection of the longitudinal molecular {-axis from axis z (angle )

— Rotation of the molecular shortest n- axis about its own longitudinal {-axis
(angle V)

— Precession of the longitudinal {-axis within a cone surface around z (angle @)

In this chapter we consider only an orientational distribution function f(Q) [10,
11]. Why do we need it? Because it is a kind of a bridge between the microscopic
and macroscopic descriptions of the nematic phase. We define a value

Euler angels

S e e R N

_____ n
X==""" ¥
\\ \\\\

N N
. ~normal to
AN z,C plane
N

y

Fig. 3.14 Euler angles of the
molecular frame &, n, { with
respect to the Cartesian
laboratory frame x, y, z



3.3 Orientational Distribution Functions for Molecules 29
F(Q)dQ = f(®,9, V) sind dd d9 d¥ 3.1)

as a fraction of molecules in the “angular volume” with Euler angles between ® and
d®, ¥ and d¥, ¥ and d¥. Function f{Q) is a single-particle function because
molecules are considered to be independent, i.e. any correlation in their motion is
disregarded. The total probability to find a molecule with any orientation equals 1:

21 n 21
Jf(Q)dQ:J chJ sinﬂdq?J d¥ - f(D,9,¥) = 1 (3.2)
0 0 0

We can use this normalization condition to find the f(2) function, at least, for
the isotropic liquid or isotropic liquid crystal phase. Indeed, in this case there is
no angular dependence of f(Q) i.e. AD,},¥) = const. After integrating we find:
@9, W) = 1/87°.

And what about optically uniaxial phases? In the case of a nematic, the molecu-
lar distribution is independent of the precession angle (O = const) but may depend
on angle . For a smectic A, in the first approximation, the orientational distribu-
tion function is the same as for the nematic. However, there is some interaction
between the translational and orientational degrees of freedom that can be taken
into account as a correction to f(1},®). At first, consider a distribution function for a
uniaxial phase consisting of axially symmetric molecules [12].

3.3.1 Molecules with Axial Symmetry

The molecules either have a generic infinite rotation axis (cones, rods, rotational
ellipsoids, spherocylinders or discs) or acquire this average uniaxial form due
to free rotation around the longitudinal molecular axis {. Then f{Q2) becomes
W-independent [13]: f = ]‘(19)/41r2 with (1)) = fim — ¥J), see Fig. 3.15. This figure
shows that angle 0 and & are equally and the most populated by molecules and these
two angles correspond to the condition n = —n. The angles close to /2 are the less
populated. Now our task is to find the form of f{¢}) and relate it to experimentally
measured parameters.

As any axially symmetric function, f(Y) can be expanded in series of the
Legendre polynomials P;(cost)

F(9) = (1/2)[1 + a1 P (cos V) + a,Py(cos ¥) + azP3(cos J) + asPy(cos 9) + ...]

(3.3)
Recall that the Legendre polynomials of general formula
1 d"(x*—1)"
P(x) = . M, n=0,1,2,...are solutions of the Legendre equation
2"n! dx"

(1 — x?)y"— 2xy’ + n(n + 1)y = 0, which are orthogonal to each other. The condi-
tion for orthogonality reads:
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Fig. 3.15 Form of the
molecular distribution
function over the polar =
Euler angles 9 ;&;
g
1] zn Fi
1 1
2
Pu(x)P,(x)dx=0form#n and | [Pn(x)]dx= (3.4)
2m+1
—1 -1

The Legendre polynomials P,,(x) are tabulated for x = 0-1. In our case, the
polynomials depend on angle ¥ with x = cos?) and the integration should be made
from = to 0. For even or odd m the polynomials are even or odd functions of cos,
respectively:

Po(cos ) =1

Pi(cos ) = cosv

Ps(cos ¥) = (1/2)(3cos*d — 1)

Ps(cos 9) = (1/2)(5cos>9 — 3costd)

P4(cos ¥) = (1/8)(35¢cos™? — 30cos>d + 3), etc.

Each function has a particular symmetry (like electron shells in atoms have their
own symmetry s, p, d, etc.). The angular dependencies of the first two polynomials
are plotted in Fig. 3.16.

In order to find numerical coefficients a; we multiply both sides of Eq. (3.3) by
Py (cos?) and integrate over 1, using the orthogonality of Legendre polynomials,
Eq.(3.4):

0 0
1 2 _a _
JPL(cos Nf (9)d(cos) = 3 JaL[PL(cosﬁ)] d(cosd) = T 1L =0,1,2,...
Now we obtain
0
| Pr(cos 9)f (9) sin ¥dv
a, = 2L+ 1)"—— (3.5)

J£(9)d cos v

i
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a b
k 1.0 -
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0.0
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0.0
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1- 1.0 240

P,=cos06 270
i P,=(1/2)(3cos’6-1)

Fig. 3.16 Angular dependencies of the first two Legendre polynomials in polar coordinates

with the normalization condition (3.2) in denominator. As to the numerator, it is just
the average value of polynomial P;(cosd) written in the form of the theorem of
average. Finally we obtain numerical coefficients:

ap = (2L + 1) - (Pr(cos¥)) (3.6)

Note that <P;(cost})> are 1J-dependent numbers, not functions. Finally we can
write the orientational distribution function for a uniaxial medium composed of
uniaxial molecules:

1 4+ 3(P;(cos¥))Pi(cos ) + 5(P,(cos ¥))P>(cos )+

F0)=(172) 7(P3(cos1))P3(cos 1) + 9(P4(cos ¥))P4(cos ) + ... 7

The set of amplitudes a@; may be considered as a set of order parameters for the
medium discussed. All of them together provide a complete description of f(19).

For uniaxial molecules with inversion center (i.e. having head-to tail symmetry
of a cylinder) the odd terms disappear:

f(9) = (1/2)[1 + 5(P2(cos ¥))P2(cos I) + 9(P4(cos¥))Ps(cos¥) +...] (3.8)

or briefly:

> ]
F(9) =f(cos¥) =D (4l + 1)SyPy(cos V) with [ =0,1,2...  (3.9)
0

[\)

As mentioned above, coefficients S,; are unknown numbers: Sy = 1, S; =
<Pi(cos?)> = <cos?>, S, = <Py(costd)> = (1/2) <3cos’d — 1>, S,
=<P,(cost?)> = (1/8)<35cos*® — 30cos®? + 3>, etc. Therefore, instead of



32 3 Mesogenic Molecules and Orientational Order

unknown function (1)) we can operate with unknown numbers that can easier be
found from experiment.

3.3.2 Lath-Like Molecules

The phase is still uniaxial with head-to-tail symmetry, i.e., its distribution function
is independent of the precession angle @ that is f(Q) = f(J,¥)/2n . However,
nuclear magnetic resonance (NMR) shows that the free rotation of molecules about
their long axes (angle V) is, to some extent, hindered as shown in Fig. 3.17a. In
the figure the preferable direction of the longest molecular axes (director) is parallel
to z. Then we can distinguish among two different cases of local molecular
orientation with two projections S, of a short molecular axis onto the director,
either large as in Fig. 3.17b or, in fact, zero (Fig. 3.17¢).

As a consequence, the refraction index component perpendicular to the director
n, is larger in case b than in case ¢, and the component 7 is smaller. Therefore, the
optical anisotropy An = ny — n, in case b is smaller. To take the new situation into
account, two local order parameters are introduced for the uniaxial nematic phase,
one is the same as discussed above for the longitudinal molecular axes (S = S;;),
and the other describes the local order of the shortest molecular axes that is local
biaxiality (D):

1
S =

Se

<3coszz9 -1 >

\o]

(3.10)

D = Sz — S, = = (sin®9 cos 2¥)

N W

For the ideal nematic with sint = 0 and S;- = 1 there is no difference between
cases b and c. The locally (microscopically) biaxial nematic phase should not be
confused with macroscopically biaxial phases to be discussed in the next section.

a b c

SKx

short
\’axis
\ .

long .+
axis

Fig. 3.17 Local packing of lath-like molecules that hinders rotation of individual molecules about
their longest axes (a) and illustration of a large (b) or zero (c) projections S, of a short molecular
axis onto the director axis z. s and / are the shortest and longest axes of a lath-like molecule
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3.4 Principal Orientational Order Parameter
(Microscopic Approach)

We discuss nematics, therefore n = —n (no polarity) and f(+)) is cylindrically
symmetric function (point group D). We would like to know this function
for each particular substance at variable temperature but, unfortunately, f{¢}) (that
is all amplitudes S,; in expansion (3.9)) is difficult to measure. We may, however,
limit ourselves with one or few leading terms of the expansion and find approximate
form of f(¥}).

For instance, why not to take Sy or §;? For conventional nematics they are
useless because Sy is angle independent and §; = <cos?¥> is an odd function
incompatible with n = —n condition. By the way, S; is very useful for discussion of
phases with polar order, in which the head-to-tail molecular symmetry is broken
(e.g., in phases with the conical symmetry C,,, instead of cylindrical symmetry
Doon)-

The next is coefficient S, = (1/2) <3cos*9— 1> introduced by Tsvetkov [14] that
describes the quadrupolar order. It looks suitable, at least, when we consider
important particular cases:

(i) For the ideal nematic with all rod-like molecules parallel to each other
<cos’¥>=1and S, = 1.

(ii) For complete orientational disorder <cos?¥> = 1/3, S, = 0 and this corre-
sponds to the isotropic phase.

(iii) There is another possible molecular orientation also corresponding to <cos*>
= 1/3 and §, = 0: it is a “magic” orientation (see below), that would correspond
to the nematic phase with finite higher S,,; coefficients.

(iv) One can put all molecules in the plane perpendicular to the principal axis
and then everywhere ¥ = m/2, <cos*¥> = 0 and S, = —1/2. The phase with
S, = —1/2 would still be conventional nematic phase, but such nematics have
not been found yet. However, by evaporation of organic compounds consisted
of rod-like molecules onto a solid substrate, one can prepare amorphous solid
films of the D, symmetry which would mimic the nematic phase with S, ~
—1/2, see Fig. 3.18.

From (i) to (iv) we conclude that, as the first approximation to the microscopic
orientational distribution function of a nematic, we can take from Eq. (3.9) only one
term with / = 1 and S, = (1/2) <3cos?y — 1>:

F(9) =f(cos) = (1/2)(4L + 1)S,P2(cos ) = (5/2)S,P(cos ) (3.11)

The function (3.11) with coefficient 5/2 ignored is shown in Fig. 3.19 for two
different values of S,. The curves marked as S, = 1 and S, = 0.6 correspond to the
ideal and typical nematics, respectively. For the isotropic phase the corresponding
curve would coincide with zero line.
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Fig. 3.18 Illustration of a 3 2
virtual nematic phase with §=-172 .
order parameter S = —1/2
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Fig. 3.19 Orientational distribution function of molecules for two different values of order
parameter S5

Parameter S, can be found from the anisotropy of magnetic susceptibility,
optical dichroism and birefringence, NMR, etc. The determination of higher order
parameters requires for more sophisticated techniques. For instance, S, can be
found from Raman light scattering [15], luminescence or other two-wave interac-
tion optical experiments. Data on Sg, Sg are not available at present. In some cases,
the X-ray scattering can even provide f{(¢) as a whole but with limited accuracy.

To illustrate the importance of higher order terms, particularly S, consider two
molecular distributions shown in Fig. 3.20. On the left side, all molecules of a
virtual nematic phase are at the same angle ¥ = 54.73 deg, therefore f () o< 6(1 —
54.73). For this “magic” orientation, cos™) = 1/3, cos™ = 1/9 and S, = 0, S, = —7/18
(see Legendre polynomials P, and P, written above). On the right side, the
molecules of another virtual nematic are scattered over angles around ¥ = 54.73
deg in such a special way that the average <cos*?> calculated with new f(19)
function is again equal to 1/3 and, as before, S, =0. However, <cos*9> calculated
with new f(19) and new Sy is different from —7/18. Therefore to distinguish between
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Fig. 3.20 Illustration of 1
importance of higher order
terms: the two very different,
virtual molecular
distributions have the same S,
order parameter but differ by
the values of higher order
parameters Sy, Sg, etc.

N -
N7 |-
ANIEAND

V72227774
NN =
N/

two molecular distributions we have to take into account at least S or as many S»;
coefficients as possible.

3.5 Macroscopic Definition of the Orientational
Order Parameter

3.5.1 Tensor Properties

Generally, properties of liquid crystals depend on direction, they are tensorial.
Some of them (like density in nematics) may be scalar. A scalar is a tensor of
rank 0. It has one component in a space of any dimensionality, 1°=2°=3° .. =1.
Other properties, like spontaneous polarization P (e.g., in chiral smectic C¥*)
are vectors, i.e., the tensors of rank 1. In the two-dimensional space they have 2'
= 2 components, in the 3D space there are 3' = 3 components. For instance in
the Cartesian system P = iP, + jP, + KP,. Such a vector can be written as a row
(Px, Py, P,) or as a column. Properties described by tensor of rank 2 have 22 =4
components in 2D space and 3% = 9 components in the 3D-space. They relate two
vector quantities, such as magnetization M and magnetic induction B, M = %B,
where 7y is magnetic susceptibility. Each of the two vectors has three components
and, generally, each component (projection) M,, (o = x,y,z) may depend on each of
Bg components B = xy,2):
M, = /(MB\ + X,\‘yBy + szBz; My = nyBX + nyBy + Xysz; M. = XZXB,\‘ + XzyBy +
1B or in the matrix form:
M, T Zi2 %3 |[Bi
My | =122 X2 X23|-|B2
M3 X1 I X3 B3

The matrix representation can be written in a more compact form

My =" 155Bp = ZpBp- (3.12)
b
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Here o, B = 1, 2, 3 and, following Einstein, the repeated index [ means
summation over P.

The magnetization was only taken as an example. Many other properties
(dielectric susceptibility, electric and thermal conductivity, molecular diffusion,
etc.) are also described by second rank tensors of the same (quadrupolar) type ¥
Microscopically, such properties can be described by single-particle distribution
functions, when intermolecular interaction is neglected. There are also properties
described by tensors of rank 3 with 3° = 27 components (e.g., molecular hyperpo-
larizability v;;) and even of rank 4 (e.g., elasticity in nematics, Kjj) with 3* =81
components. Microscopically, such elastic properties must be described by many-
particle distribution functions.

As physical properties of the matter are independent of the chosen frame, suffixes
o and B can be interchanged. Therefore, y,3 = Xp, and only 6 components of s are
different, three diagonal and the other three off-diagonal. Such a symmetric tensor
(or matrix) can always be diagonalized by a proper choice of the Cartesian frame
whose axes would coincide with the symmetry axes of the LC phase. In that
reference system only three diagonal components Y, (2, and Y33 are finite.

3.5.2 Uniaxial Order

For a uniaxial phase (nematic, discotic nematic, SmA, SmB, etc.) with the symme-
try axis along z, all properties along x and y are the same and ;= %2> # ¥33. The
corresponding matrix

2. O 0
Lop = 0O . O (3.13)
0 0

has only two different components and the relevant physical quantity can be
decomposed into two parts, the mean value <y> = (1/3)( x; + 2x.) and the
anisotropic part Ay = ¥, = Y — AL

The anisotropic part of tensor (3.13) is

158 = g — (1)

where 8,p is second rank unit tensor with trace 8, + 8, + 5.. = 3. Hence, the
anisotropy tensor is traceless, has dimension of the y value and becomes zero in the
isotropic phase:

40 0] | o o 1. 0 0
0 - 1/3Xa 0
0 0 0 0 (1 0 0 A,

\
)
=
|
(@]
P
'7
(e}
|
o
—~
=
<
(e}
Il
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In principle, this tensor might be used as orientational order parameter for a
uniaxial phase, however, its dimensionless form would be more preferable. Therefore,
we normalize anisotropy j, to the maximum possible anisotropy corresponding to
the ideal molecular alignment as in a solid crystal at absolute zero temperature.
Then we arrive at the order parameter tensor [16]:

0 ~1/3 0 0
Qup = b = Lo ~1/3 0 (3.14)
o La 0 0 2/3

max

Here S = y,/x™ is a scalar modulus of the order parameter dependent on the
degree of molecular (statistical) order whereas the tensor shows the orientational
part of the order parameter. With such an approach, the macroscopic and micro-
scopic definitions of the order parameter would coincide if we assume

S = /1 =8y = <Py(cos¥)> =

a

(3cos*9 — 1) (3.15)

| =

The experimental values of the orientational order parameter found macroscop-
ically for conventional nematics from the magnetic or optical anisotropy are
in good agreement with those calculated from microscopic data (NMR, Raman
spectroscopy).

Order parameter tensor can be written using the director components 7., (64=x,y,z).

1

La 1
off — o __85( = o —_80( 3.16
Oup T (nang 3 p) = S(nanp 3 5) (3.16)

For example, for nllz the director components are (0, 0, 1) and from (3.16) we
immediately get the form (3.14). Here we clearly see the two components of the
order parameter, the scalar amplitude S and the orientational part (in parentheses).

Fig. 3.21 Packing of
molecules in a macroscopic
nematic biaxial phase of
symmetry D,y
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Fig. 3.22 A molecule of a
potassium (K) laurate with

deuterium (D) label (a) and a

structure of the lyotropic K
lamellar phase (b)

D

Fig. 3.23 Lamellar lyotropic L
phase of potassium laurate: 0.2 —
orientational order parameter r
for individual links of the 0.1
molecular chain as a function » E
of the distance of the link 0.05 -
from the potassium atom R -

0.02 |-

2 4 6 8 10 12
No. of carbon atoms

3.5.3 Macroscopic Biaxiality

In contrast to quite common microscopically biaxial nematics belonging to point group
D..h, and discussed in the previous section, the macroscopically biaxial phase (group
D,yp,) shown in Fig. 3.21 has unequivocally been found only in lyotropic nematics [17]
formed by some biphilic (or amphiphilic) molecules in water solutions [18]. Some
other cases are still under discussion (nematics formed by metallomesogens, banana-
like [19] or polymer molecules [20]). Strictly speaking, cholesteric liquid crystals (or,
more generally, chiral nematics) may be regarded as weakly biaxial. Less symmetric
phases such as smectic C, smectic E, etc. are, of course, macroscopically biaxial.

In macroscopically biaxial phase all the three components of a physical property
are different, e.g., 111 7 Y22 7 X33, the trace of tensor Yqg is X11 + Y22 + X33 =
3<y> and the tensor itself can be written as )3 = 3<y>Q,p With the traceless
order parameter tensor

—(1/3)(Q) — 0y) 0 0
Qup = 0 —(1/3)(Q; + 0,) 0 (3.17)
0 0 (2/3)0;
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Now the biaxial nematic phase has two order parameters Q; and O, and, in
general, three different phases can be distinguished, namely, isotropic (Q; = O, = 0),
uniaxial nematic (Q,0» = 0) and biaxial nematic (Q,,0>) phases. Note that biaxial
molecules may form both biaxial and uniaxial phases; the latter appear due, for
instance, to free rotation of biaxial molecules around their long molecular axes. As
to the uniaxial molecules, they may also form either uniaxial (as a rule) or biaxial
phases; the latter may be formed by biaxial dimers or other “building blocks”
formed by uniaxial molecules.

3.6 Apparent Order Parameters for Flexible Chains

When molecules are not so simple as rigid rods or discs, one may introduce
apparent partial order parameters different for different molecular moieties. This
is especially evident for lyotropic liquid crystals [21], such as, for instance, the
lamellar phase formed by surfactants in water, see Fig. 3.22b. A good example is a
water solution of potassium laurate. A flexible hydrocarbon chain K-CH,—
CH,-CD,-CH,-. .. can be deuterated with a position of deuterium label varied
along the chain, as shown by in Fig. 3.22a. Then, by the NMR technique sensitive
only to deuterium nuclei, the apparent order parameter of the corresponding chain
link can be determined. As shown in Fig. 3.23, it decreases with increasing the
distance from the potassium atom due to flexibility of the hydrocarbon chain. Thus,
we can say that the hydrocarbon tail is “solid” at the left end and “liquid” at the right
one [22].
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Chapter 4
Liquid Crystal Phases

This chapter presents a review of different liquid crystal phases. The main attention
is paid to the thermotropic liquid crystals, which manifest rich polymorphism upon
variation of temperature. Moreover, the thermotropic phases are subdivided into
rod-like or calamitic and discotic ones; the latter are discussed only briefly. At first,
we discuss achiral media with lyotropic phases included and then consider the role
of chirality.

4.1 Polymorphism Studies

The polymorphic transformations can be studied by different techniques that are
illustrated below by some characteristic examples.

4.1.1 Polarized Light Microscopy

It is very simple and vivid method [1]. One can observe characteristic streaks
(Schlieren-textures) showing particular macroscopic defects, e.g., disclinations
and establish the phase symmetry. In Fig. 4.1a the characteristic defects of the
nematic phase (disclinations), are well seen. Fan-shape texture of the smectic C
phase is shown in Fig. 4.1b. One can also distinguish between different types of
uniform molecular orientation in different liquid crystal preparations using a cono-
scopy technique (microscopic observations in the convergent light beam): in this
case symmetry of the pattern corresponds to the texture symmetry.

A very useful technique is a study of miscibility of different substances [2]. As a
rule, only identical phases are mixed with each other (nematic with nematic,
smectic A (SmA) with SmA, SmC with SmC etc.). Therefore, using a well inves-
tigated substance as a reference, one can make a preliminary conclusion about a
structure of a new compound not doing X-ray and other cumbersome structural
studies. For instance, by mixing with a reference liquid crystal, it was concluded

L.M. Blinov, Structure and Properties of Liquid Crystals, 41
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Fig. 4.1 Textures of the nematic (a) and smectic C (b) phases observed with a polarization
microscope

Fig. 4.2 Miscibility
diagram: Ref and Inv mean
the reference compound with
well known phase sequence
and unknown compound to
be investigated. Starting with
molar content ¢ = 1 and
proceeding to the left while
measuring phase transition
temperatures one finally
arrives at ¢ = 0 with
complete phase diagram,

Temperature —>

therefore, having information 0 . 0:2 . 0:4 . 0:6 . 0.,8 . 1
about the unknown molar parts
compound

that substance p-methoxy-p’-pentylstilbene (MOPS), see Fig. 4.2, has the SmB
(below 110°C), Nematic (110-125°C) and Isotropic (above 125°C) phases.

4.1.2 Differential Scanning and Adiabatic Calorimetry
(DSC and AC)

These techniques are widely used in investigations of phase transitions. DSC allows
the express measurements of the transition enthalpy and determination of the phase
transition type. For example, at the SmB-Cr (crystal) transition a great amount of
enthalpy is released as evident from Fig. 4.3. Therefore, with high probability, this
transition is of strong first order, the others shown in the figure (Isotropic phase-
SmA and SmA-SmB) are not as strong and may be referred to as weak first order
transitions. True second order transitions may not be seen in DSC plots due to
negligibly small transition enthalpy. Specific features of such transitions are studied
by adiabatic calorimetry (e.g., anomaly in heat capacitance) and dilatometry
(density changes at transitions).
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Fig. 4.3 Qualitative example
of a DSC spectrum: latent
heat of transitions as a
function of temperature

Cr SmB SmA Iso

Latent heat —=

Temperature —>

Shutter “~~-___--
BDR

Fig. 4.4 Scheme of an X-ray diffractogram for a smectic A phase. The beam is impinged on the
sample perpendicularly to the figure plane and forms a cone of diffraction. The directly transmitted
beam is blocked by a shutter. The sharp ring BDR means the small-angle Bragg diffraction ring
while IPS means diffuse wide-angle in-plane scattering halo

4.1.3 X-Ray Analysis

This is a very powerful method [3, 4] and later we shall discuss it in detail in
Chapter 5. Here, only a schematic picture is presented, Fig. 4.4. An X-ray beam
passes through a liquid crystal preparation and the diffracted beams form a cone
with 21 angle at the apex and are registered by a photodetector. In this particular
example a smectic A liquid crystal is not oriented and the presented pattern is
an analog of a Lauegram observed on crystalline powders. First we see a very
sharp ring at small angles. It is a fingerprint of a lamellar structure. Like in solid
crystals, the X-ray beam of wavelength A can be reflected from stacks of parallel
molecular layers according to the Bragg law to be discussed in Section 5.2.2:
2dp sind = m, Am = 1,2,3, ..., where h, k, [ are Miller indices (001, 002, etc.
in our case), d is interlayer distance and 9 is the diffraction angle. From this formula
d can be found from the ¥-angle measured: for instance, if 29 ~ 3° for m=1 (first
order reflection), then sin® =~ 0.026 and A ~ 0.1 nm, d ~ 1.9 nm. Thus, the
interlayer distance corresponds to the length of the molecule and the phase is an
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orthogonal smectic. A diffuse ring at wide angle shows that the in-plane structure is
liquid like therefore the phase is most probably SmA. The average intermolecular
distance in the transverse direction may be estimated from the radius of the diffuse
ring using the same formula.

4.2 Main Calamitic Phases

4.2.1 Nematic Phase

The isotropic phase formed by achiral molecules has continuous point group
symmetry Ky, (spherical). According to the group representations [5], upon cooling,
the symmetry Ky, lowers, at first, retaining its overall translation symmetry T(3) but
reduces the orientational symmetry down to either conical or cylindrical. The cone
has a polar symmetry C.,, and the cylinder has a quadrupolar one D..,. The
absence of polarity of the nematic phase has been established experimentally. At
least, polar nematic phases have not been found yet. In other words, there is a head-
to-tail symmetry taken into account by introduction of the director n(r), a unit axial
vector coinciding with the preferred direction of molecular axes dependent on
coordinate (r is radius-vector).
The nematic phase is characterized by the following properties:

(i) n(r)= —n(r) (absence of polarity) and, in the Cartesian system shown in Fig. 4.5a
the director has components (ny, ny, n,) = (0, 0, 1).

(ii) Point group symmetry is D}, (according to Schonflies) or co/mm (interna-
tional). There are one oco-fold rotation axis, i.e., the director axis, the infinite
number of vertical symmetry planes containing n and one mirror plane
perpendicular to n. The same symmetry has a discotic nematic phase. The

Fig. 4.5 The nematic phase: molecular orientation (a), optical indicatrix (b) and characteristic
microscopic texture (c)
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(iii)

(@iv)

)

orientational order is characterized by a tensor discussed in Chapter 3 whose
amplitude (order parameter) is § = (1/2)<3c0s’® — 1> (here O is an angle
the individual molecule forms with the direction n).

Translational symmetry is T(3), the translational motion of molecules is
possible in any direction, therefore, the density is independent of coordinates,
p = const, and the nematic phase is the most fluid one. For this reason it is the
most interesting for applications to displays.

It is optically uniaxial phase, as a rule positively uniaxial, n, = ny > n, = n, =
n,. The optical indicatrix presented in Fig. 4.5b has a form of the prolate
ellipsoid contrary to oblate optical ellipsoid typical of discotic nematics
which, as a rule, are optically negative. The dielectric ellipsoid is discussed
in more detail in Section 11.1.1.

The nematic phase has very characteristic microscopic texture observed with
crossed polarizers. In Fig. 4.5¢ we can see typical point disclinations, the
nuclei of divergent brushes or threads. The threads (Greek vepo) have given
the name “nematic” to the phase considered. The structure of disclinations is
accounted for by modern theory of elasticity, Section 8.4.

4.2.2 Classical Smectic A Phase

The classical SmA phase can form on cooling the nematic phase or directly from
the isotropic phase. Now we meet a new feature: the phase becomes periodic in one
direction. In Fig. 4.6 the interlayer distance equal in this case to period is marked by
letter d. Thus, the SmA phase is simultaneously a one-dimensional solid and a two-
dimensional liquid. There is no correlation between molecular positions in the
neighbor layers. Such a phase predominantly forms by more or less symmetric
molecules with long alkyl chains.
The SmA phase is characterized by the following properties:

®

Fig. 4.6 A lamellar structure

of the
phase

As in the nematic phase, n(r)= —n(r). In the figure the director has components
(n, ny, n;) = (0,0, 1).
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(i) The point group symmetry is also D.,. However, the translational invariance
retains only in two directions and the symmetry group is different from that of
nematics: D, x T(2).

(iii) The density is independent of x and y, py, py = const, however, p, is a periodic
function along the normal to smectic layers z. It has to be even function
because there is a symmetry plane perpendicular to the director (e.g. it can
be the middle plane of the three layer system shown in the Figure):

o0
p(z) = py+ D p,cos ngz. Here n = 1, 2, 3, ... and ¢ = 2n/d is the wave-

vector of the periodic structure. The modulation of density is not very strong,
pPn < Po and, to the first approximation, the density wave may be represented
by a single harmonic (n = 1):

p(z) = po + py cos gz (4.1)

The value of p; is usually taken as translational order parameter, see
Section 6.3.

(iv) The orientational order parameter has the same form as in nematics, but its
absolute value is larger S > Sn. The phase is optically positive.

(v) Typical texture of the SmA is shown in Fig. 4.7a. We see here the so-called
“fans” consisted of “focal-conic” domains. Such domains are originated from
a layered structure [1, 6]. Although layers are more or less rigid, they can be
bent and may form cylinders and tori with central disclination lines (I'y) or
more complex structures with disclinations of the I, type. The sketches in
Fig. 4.7b represent projections of the tori on the x,z-plane perpendicular to I';
(upper sketches) and on the y,z-plane including I'; (lower sketches).

4.2.3 Special SmA Phases

The structure of the so-called de Vries phase is shown in Fig. 4.8. It is a uniaxial
smectic A phase (group D) with very strong molecular tilt (about £20°) in any

Fig. 4.7 Smectic A: fan-shape texture (a) and the structure of typical defects (b)
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Fig. 4.8 Structure of a z

uniaxial smectic A phase with /
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Fig. 4.9 Structure of polar Ay A, Ay
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azimuthal direction. The local molecular tilt is correlated along a certain distance &
within a smectic layer but on average the tilt is zero. Properties of this phase are
different from those of the classical SmA, for example, the birefringence is smaller,
i.e., n,is closer to n,, n, than in SmA. The dielectric response is also spectacular. De
Vries phase formed by chiral molecules manifests very interesting electrooptical
effects.

Some compounds consisting of molecules with longitudinal permanent dipoles
form locally polar smectic A phases and also so-called frustrated phases. In Fig. 4.9
are shown three structure A, A, and A4 which have the same point group symmetry
but differ by translational symmetry due to specific packing of the molecules. The
A, phase is the classical SmA discussed above: its interlayer distance, i.e., the
structure period, is equal to molecular length. Dipoles are antiparallel within each
nonpolar layer. A, is a smectic with polar layers and antiparallel (sometimes-called
antiferroelectric) packing of molecular dipoles in the neighbor layers. Phase A4
represents a more general intermediate case. The spectacular orientation of dipoles
results in modulation of charge density along the smectic normal and the period of
the charge density wave may be different from the period of the mass density wave.
Therefore, there are two waves along the smectic normal, a density one and the
electric polarization one. These waves can be incommensurate that is the ratio of
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their periods is not an integer, e.g., 1 < I/l < 2. In some cases, two tendencies,
namely, a formation of either monolayer or bilayer structure are in conflict and the
resulting phase is “frustrated” or, in other words, is modulated not only along the
normal to the layers but also along the smectic plane like the phase A,oq shown in
the same figure.

4.2.4 Smectic C Phase

In the SmC phase the longitudinal molecular axes are tilted from the smectic layer
normal by an angle 1, Fig. 4.10. The phase has the following properties:

(i) The director n coincides with the direction of molecular axes and, as before,
n = —n. Its components are (n,, ny, n;) = (sindcos®, sinsin®, cosy). The
projection of n onto the smectic layer plane is called c-director, ¢ = sindexp
(£i®). The c-director is taken as a two-component order parameter of the C-
phase. Sind and ® may be considered as the amplitude and phase of the tilt
angle (sign + determines a sign of rotation). In experiment, angle v varies
from 0° to 45°.

(i) The point group symmetry is C,, or 2/m (a twofold axis x and a symmetry plane
zy). The symmetry group is C,p, X T(2).

(iii) The density wave has the same form (4.1) as that of the SmA phase.

(iv) The spatial positions of molecules in neighbor layers are uncorrelated but their
tilt is correlated.

(v) The phase is optically biaxial, Fig. 4.11a, there is no rotation axis coinciding
with the director and n; # n, # ns (z is the smectic normal).

(vi) In SmC the director is free to rotate along the conical surface with an apex angle
219, therefore, as in a nematic, the Schlieren-texture is observed seen in the
central part of Fig. 4.11b. On the other hand, the smectic structure reveals the
fan-shape texture seen in the left-bottom corner of the same figure.

Smectic C

c-director

Fig. 4.10 Smectic C.
Molecular structure (a) and
definition of the c-director (b)
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Fig. 4.12 Structure (a) and a microscopic texture (b) of the smectic B (SmB) phase

4.2.5 Smectic B

In this phase we have:

(i) Head-to-tail symmetry n = —n.

(i1) One sixfold rotation z-axis, one mirror plane perpendicular to that axis and 12
mirror planes including the sixfold axis. Six of them connect the hexagon
angles as shown in Fig. 4.12a and, the other six bisect the angles between those
planes. The point group symmetry is D¢, (or 6/mmm) and the phase has the
following properties:

(a) Optical uniaxiality 7y #n, and, as a rule, n, > n, = ny.
(b) Three-dimensional density wave along x, y and z axes:

p(x,y,2) = pycos(quz) - po cos(qix) - py cos(q1y) (4.2)

with different density modulation depth parallel and perpendicular to the
director. In this respect Smectic B should be referred to as a three dimensional
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crystal. However, the situation is not as simple and dependent on correlation
in molecular positions in neighbor layers. If such correlations do exist, we deal
with a normal 3D crystal having a very small shear modulus corresponding to
the velocity gradient Ov,,/0z. If there is no interlayer molecular correlations,
the phase is called hexatic and will be considered in Section 5.7.3 in more
detail.

(iii) A typical, so-called mosaic texture of the SmB is shown in Fig. 4.12b.

4.3 Discotic, Bowl-Type and Polyphilic Phases

One should distinguish between the discotic nematic, Np phase shown in Fig. 4.13b
and several discotic columnar phases, e.g. that shown in Fig. 4.13a. The discotic
nematics form on cooling the isotropic phase consisting of disc-like molecules,
e.g. of triphenylen type, see Fig. 4.14. The symmetry reduces from T(3) x O(3) to
T(3) X Dyon. The new phase is not miscible with calamitic nematics despite the same
symmetry: n = —n, point group D.,, p = const, optical uniaxiality. However,
hydrodynamic properties of discotic nematics are quite different from those of
calamitic nematics. A columnar phase is an example of a two-dimensional (2D)
crystal and 1D liquid, a lattice of liquid threads. The translational motion of
molecules is allowed only along their normals, the translation group is T(1) and
the point group can be different. For example it is D¢, for an orthogonal hexagonal
phase or C,;, for a tilted phase. We meet even more phases formed by disc-like
molecules, namely Isotropic I, nematic Np, Dy (columnar orthogonal), D, (columnar
tilted) and K (crystalline) ones.
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Fig. 4.13 Structure of ,-?
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nematic (b) phases o
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Fig. 4.14 Molecular formula R

and a phase sequence of a 80°c 93°c
triphenylene compound
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Fig. 4.15 Possible bowl phases: forms of molecules (a) and bowls (b), polar and non-polar
columns consisting of bowl molecules (c), and two types of column packing, ferroelectric (/eft)
and antiferroelectric (right) (d)

A molecule that, in principle, may form a bowl phase should itself have the bowl
form like that seen in Fig. 4.15a [7]. Molecular bowls may have different symmetry
as shown on the top of Fig. 4.15b and the corresponding phases could be either
uniaxial or biaxial. The packing of bowls into the columns may have specific
features. For example, when all molecules in the column are oriented bottom
down then the head-to-to tail symmetry is broken and the column has conical, i.e.
polar symmetry C..,, Fig. 4.15c. Only polar columns may form ferroelectric or
antiferroelectric phases shown in Fig. 4.15d.

Actually, such bowl phases are still to be found. However, polar achiral phases
have been observed in the so-called polyphilic compounds [8]. The rod-like mole-
cules of these compounds consist of distinctly different chemical parts, a hydro-
philic rigid core (a biphenyl moiety) and hydrophobic perfluoroalkyl- and alkyl-
chains at opposite edges. Such molecules form polar blocks that, in turn, form a
polar phase manifesting pyroelectric and piezoelectric properties with a field-
induced hysteresis characteristic of ferroelectric phases.

4.4 Role of Polymerization

There are two types of polymers, which form thermotropic liquid crystals, the side-
chain, Fig. 4.16a and the main-chain polymers, Fig. 4.16b. In the side-chain
polymers the mesogenic units are attached to a backbone by more or less flexible
chains. In the main-chain polymers mesogenic units are incorporated into the
polymer backbone and separated from each other by flexible chains [9, 10]. Flexible
chains (spacers) are necessary to provide a certain freedom to mesogenic moieties
to form an ordered state. For the side-chain polymer to be in the nematic or smectic
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Fig. 4.16 Structure of
polymer chains appropriate
for side-chain (a) and main-
chain (b) polymer liquid
crystals

Fig. 4.17 Scheme of packing a b
of main chain polymer

mesogenic groups in the

nematic (a) and smectic A

(b) phases

phase is quite natural, because mesogenic units can easily be arranged parallel to
each other, Fig. 4.17a. However, even in the main chain polymers with long enough
flexible spacers between the mesogenic groups, the latter can form nematic and
even smectic phases and the flexible backbones are forced to acquire the liquid
crystalline structure, Fig. 4.17b.

In the same way one can synthesized liquid crystalline copolymers in which
mesogenic groups alternate with some functional groups like chiral, polar, photo-
chromic, luminescent, etc., groups useful for various applications especially in
nonlinear optics. For example, incorporating chromophores, manifesting a light-
induced intramolecular charge transfer, one can develop materials with enhanced
nonlinear susceptibility, so-called %®- or x®-materials capable of wave mixing,
generation of light harmonics, etc. Polymer liquid crystals with photochromic
moieties, showing reversible and multiple photo-induced cis—trans—cis isomeriza-
tion, are very perspective for holographic grating recording, polarimetry, optical
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information processing, lasers without mirrors and so on. The nematic phase formed
by main-chain polymers can be used in a technological process of manufacturing
extra strong polymer fibers, because the material goes through draw plates in the
well-oriented nematic state and the fiber contains less defects.

Polymers can form the same thermotropic phases as low-molecular mass com-
pounds (nematic, smectic A, C, B, chiral phases as well). Despite the same
symmetry, physical properties of polymer liquid crystals are very specific. They
are very viscous due to the entangling of long polymer chains hindering the
translational motion (flow). On cooling the polymer liquid crystal acquire a glassy
state very useful for many applications. For example, one can create some macro-
scopic structures in the nematic phase very sensitive to external fields (for instance,
a grating, or a field induced polar, pyroelectric structure) and then froze it into the
glassy state which is not crystalline but mechanically solid and use the latter for
applications. You can also make cholesteric polymer doped with a proper lumines-
cent dye for laser devices with distributed feedback (due to natural periodicity of
the helical structure). Some polymer liquid crystals can be as elastic as rubber
(elastomers). They have very good prospects as piezoelectric materials as well as
materials having mechanically tunable optical properties.

4.5 Lyotropic Phases

Lyotropic liquid crystalline phases form by water solutions of amphiphilic (particu-
larly biphilic) molecules [11, 12]. The building blocks of those phases are either
bilayers, Fig. 4.18, or micelles. The form of the micelles can be spherical or
cylindrical, Fig. 4.19a, b. For low concentration of oil in water, the micelles are
normal (sketch (a), tails inside, polar heads outside, in water). For high concentration,
the structure is inversed ((b) and (c), water and polar heads inside, tails outside).
Examples of the structure of some typical lyotropic phases (lamellar, cubic, hax-
agonal) are shown in Fig. 4.20. Under a microscope they show characteristic features,
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Fig. 4.18 Bilayers formed by h
eads

biphilic molecules having

polar hydrophilic heads and

hydrophobic tails



54 4 Liquid Crystal Phases

Fig. 4.20 Lamellar, cubic and hexagonal lyotropic phases

Fig. 4.21 Microphotograph
of the hexagonal lyotropic
phase texture

Hexagonal
lyotropic phase

y -

e.g., a fan-shape texture is typical of the hexagonal lyotropic phase presented in
Fig. 4.21.

There is also a group of the so-called lyotropic nematics. They are intermediate
between the isotropic micellar phase and structured (lamellar or hexagonal) phases
and can be formed by both discotic and calamitic molecules. The lyotropic nematics
can be aligned by an electric or magnetic field and show Schlieren texture as
thermotropic nematics. The building blocks of these mesophases are vesicles or
similar mesoscopic objects. From the symmetry point of view the nematic phases
can be uniaxial or biaxial, as shown in Fig. 4.22. In fact, the biaxial nematics have
been found unequivocally only in the lyotropic systems [13].
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Fig. 4.22 Structure of lyotropic nematics: a phase Ny is formed by disc-like blocks (a) and phase
N, by cylindrical rod-like blocks (b)
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Fig. 4.23 Structure of the cholesteric phase. Each sheet models a cross-section of the helical
structure within one period of the helix Py. The helix axis is directed from the left to the right. The
short bars show orientation of chiral molecules within each sheet

Table 4.1 Point group

: ° Phase/ chirality Achiral Chiral
symmetry of main achiral -
and chiral phases Isotropic K K
Nematic or smectic A Doon Do
Smectic C Con C,

4.6 General Remarks on the Role of Chirality

Chirality is lack of mirror symmetry. The name came from Greek word for “hand”.
W.H. Thomson (Lord Kelvin) defined it as follows: “any geometrical figure has
chirality if its image in a plane mirror cannot be brought into coincidence with
itself”. Examples of chiral phases are the cholesteric, schematically shown in
Fig. 4.23, and smectic C* ones (the asterisk at letter C is used to distinguish this
phase from the achiral smectic C). Unfortunately there is no quantitative definition
of chirality [14]. The chirality of a molecule results in a spatial modulation of liquid
crystalline phases. Table 4.1 shows how the point group symmetry is changed when
the achiral liquid crystal material is doped with a chiral compound. The isotropic
liquids formed by chiral molecules, e.g. sugar solutions in water, have continuous
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group symmetry K (no mirror plane). Experimentally, this can be recognized by a
rotation of the polarization plane of transmitted light (optical activity). In case of
the racemic solution with equal amount of the right and left isomers of the same
molecule, the symmetry is Ky, and the optical activity is absent.

The nematic phase has point group symmetry D_;,. If we add some amount of
chiral, e.g., right-handed molecules, the symmetry is reduced from D, to D,
(symmetry of a twisted cylinder). Such a phase is called chiral nematic phase.
Chiral molecules used as a dopant (solute) in nematic solvent considerably modify
the nematic surrounding and the overall structure becomes twisted with a helical
pitch Py incommensurate with a molecular size a, Py # na (n is an integer) and
usually Py > a. Typically, a < 10 nm, Py = 0.1-10 pm.

The pitch of the helix depends on concentration ¢ of a dopant; for small ¢ P, ' ~
oc and o is called helical twisting power of the dopant [15]. However, with
increasing ¢ the dependence becomes nonlinear and the helix handedness can
even change sign (the case of cholesteryl chloride dopant in p-butoxybenzyli-
dene-p’-butylaniline, BBBA, see Fig. 4.24). The same chiral, locally nematic
phase with a short pitch in the range of 0.1-1 pm is traditionally called cholesteric
phase because, at first, it has been found in cholesteryl esters. Such short-pitch
phases manifest some properties of layered (smectic) phases.

The smectic C* phase formed by chiral molecules (SmC* phase) has also a
helical superstructure having a pitch incommensurate with the smectic layer thick-
ness. Theoretically chiral phases can also be formed by achiral molecules due to
very specific packing [16]. For instance, three achiral rod-like molecules of differ-
ent length may form a chiral trimer or a tripod due to Van der Waals interactions
between their fragments, see Fig. 4.25a, and such trimers, in their turn, may form a
kind of helical structure. Another example is bent-core or banana like-molecules [17]
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Fig. 4.25 Hypothetical chiral a
trimers formed by rod like

molecules due to specific Van

der Waals interaction (a) and

achiral bent-core molecules

capable of formation chiral

domains (b)
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Fig. 4.26 Interaction of two rod-like molecules, one molecule (1) on the top of the other (2) at an
angle ¢ (a). The forms of the interaction potential in different models: for achiral molecules
harmonic (b), and anharmonic (¢) and harmonic potential for chiral molecules (c)

that can form a smectic multidomain system with right and left domains depending
on the direction of the tilt of long molecular axes / with respect to the x,z-plane
Fig. 4.25b. On the other hand, chiral molecules can be packed in such a way that the
phase would lose their optical anisotropy, for example in the so-called blue phase
(see below) or optically isotropic SmC* phase.

4.7 Cholesterics

4.7.1 Intermolecular Potential

Basically the structure of the molecules forming nematic and cholesteric phases is
similar. However, chiral molecules possess a certain chiral asymmetry that results
in asymmetry of intermolecular interactions. This asymmetry is weak and, there-
fore, the helical pitch is much larger than a molecular size. Consider now an
interaction potential V() between two rod-like molecules (1) and (2) as a function
of the twist angle ¢ between their long molecular axes, see Fig. 4.26a. Molecule (1)
is considered to be fixed. The twist corresponds to rotation of the longitudinal axis
of molecule (2) about the axis connecting gravity centers of the two molecules. For
achiral molecules, the two-particle potential curve W() is symmetric, Fig. 4.26b. It
may be described in terms of the Legendre polynomial P, and order parameter S:

W]z(d)) = —VSP2 (COS (1)) (43)
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For chiral molecules the mirror symmetry is broken and such a curve cannot be
symmetric. We can distinguish three cases:

(i) The interaction is still harmonic but centered at a finite angle ¢g # 0 as in
Fig. 4.26d:

Wu((j)) = —VSPZ COS(d) — (])0) (44)

This is a “classical” cholesteric with local nematic structure. The value of
o determines the equilibrium pitch (a is the diameter of a rod-like molecule):

Py =2na / ™ 4.5)

(ii) The potential is centered at ¢ = 0 but the interaction is anharmonic and cannot
be described in terms of cylindrically symmetric functions. In this case, the
equilibrium pitch is determined by an average ¢,, shown in Fig. 4.26c.

(iii)) Both (i) and (ii) factors contribute to chirality together.

Of course, in each case a particular form of the potential curve depends on
chemical structure of constituting molecules. For instance, in nemato-cholesteric
mixtures, V(¢) depends on the structure of both a nematic matrix and a chiral dopant.

4.7.2 Cholesteric Helix and Tensor of Orientational Order

We can imagine a cholesteric as a stuck of nematic “quasi-layers” of molecular
thickness a with the director slightly turned by 8¢ from one layer to the next one. In
fact it is Oseen model [18]. Such a structure is, to some extent, similar to lamellar
phase. Indeed, the quasi-nematic layers behave like smectic layers in formation of
defects, in flow experiments, etc. Then, according to the Landau—Peierls theorem,
the fluctuations of molecular positions in the direction of the helical axis blur the
one-dimensional, long-range, positional (smectic A phase like) helical order but in
reality the corresponding scale for this effect is astronomic.

In the first approximation, the parameter of the local orientational order of a
cholesteric liquid crystal is the same uniaxial traceless tensor Q;; = S(n;n; — 9;;/3)
as in the nematic phase with the director axis always lying in the x,y-plane, e.g.
along the x direction at a selected cross-section of the helix:

+25 0 0

In the helical structure this tensor, as well as the tensor of the dielectric
anisotropy (ellipsoid) rotates upon the translation along the z-axis as shown in
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Fig. 4.27 Helical stricture of ©
the ellipsoid of dielectric
permittivity for a cholesteric ©
liquid crystal (a very weak o

biaxiality is determined by
component d¢3)

de3
dg1

o2

Fig. 4.27. Then, the components of the director are n = (cosqz, singz, 0). In the
uniaxial approximation, there are only two principal components of the local
dielectric tensor, g; and €, and two refraction indices, n; and n, = n,. As a rule
m; > n,, and a uniaxial cholesteric is locally optically positive. For the overall
helical structure, one can introduce average refraction indices, one along the helical
axis n, = n, and the other perpendicular to it, nx,y2 = (1/2)(11”2 +n lz). Thus the
helical axis becomes the optical axis. As a rule, n, ~ 1.5 and n,y ~ 1.6 and the
overall helical structure is usually optically negative.

4.7.3 Tensor of Dielectric Anisotropy

In general, however, tensor Q~l-j is biaxial but the biaxiality is small, on the order of
&/Po where & is the length corresponding to nematic correlations. This correlation
length may be found, for example, from the light scattering in the isotropic phase
close to the transition to the nematic phase. Then, at each point, that is locally, the
anisotropic part of dielectric susceptibility tensor is biaxial and traceless dg; +
882 + 683 = 0 with 882 ~ 683.

Se¢ 0 0 5 0 0
Se=|( 0 8 0 |= 71 0 —1+n 0 (4.6)
0 0 dg; 0 0 —1-—n

Here n is a measure of biaxiality

N=(0e— 0g)/de =23+ &)/ d ¢
=(208e+ der)+ 1. (4.7)

Particularly, for n = 0 we return to the nematic tensor of dielectric anisotropy
with factor 2/3 included in d¢g;:

i 10 0
Se=08(0 —1/2 0 (4.8)
0 0 —1)2
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To obtain the tensor of the cholesteric helical structure one should imagine that
the local tensor rotates in the laboratory co-ordinate system, or, alternatively, to
introduce a rotating co-ordinate system. In the latter case, one should make trans-
formation

88 = RyOER ! (4.9)

where 154,,154:' are the matrix of rotation about the z-axis and its inverse matrix,
respectively. Both matrices are known from the textbooks on the matrix algebra:

3 cos¢p —sind O } cos¢ singp O
Ry = |[sing cos¢p O Rq’)1 =|—sin¢p cosd O (4.10)
0 0 1 0 0 1

Note that for our rotation matrix, which is antisymmetric, the inverse matrix is
equal to the transposed one. Now using Egs. (4.9) and (4.10) we write

o cos¢p —sind 0 1 0 0 cos¢ sind O
5§=R¢6§Rq:1= singp cos¢p 0f-6e| 0 —1/2 0 -|—sind cosdp 0
0 0 1 0 0 -1/2 0 0 1

and then multiply the dielectric tensor first by the inverse matrix on the right and
then multiply the rotation matrix from the left side by the result of the first
operation. Next, we obtain the tensor of dielectric anisotropy of a locally uniaxial
cholesteric.

Se 14+ 3cos2¢ 3sin2¢ 0
6?,:? 3sin2¢ 1—3cos2¢p O 4.11)
0 0 -2

Finally, we can write the tensors of the orientational order parameter QN,j in the
rotating frame for locally uniaxial and biaxial cholesteric liquid crystal (ChLC):
Uniaxial ChLC:

3 1+ 3cos2d 3sin2¢ 0
Oj" =S| 3sin2¢  1-3cos2¢ 0 (4.12)
0 0 -2

Biaxial ChLC
o 1+n+(3—mn)cos2¢ (3 —m)sin2¢ 0
Qﬁ}’:gs (3 — 1) sin2¢ 14+1—(3-mn)cos2d 0
0 0 2 - 2n
4.13)

with 1 defined by Eq. (4.7)
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4.7.4 Grandjean Texture

This interesting texture is observed in the so-called Cano wedges formed by two
optically polished glasses with a gap filled by a cholesteric liquid crystal (CLC). Let
the equilibrium helical pitch of the CLC in a bulky sample is Py. In the wedge the
molecules are oriented along its acute edge. Since the boundary condition are fixed
the equilibrium pitch can only be undistorted when the layer thickness is exactly
equal to d = mPy/2 where m is an integer as shown in Fig. 4.28a. In the close
proximity of each d’ value, the helix can still fit to the boundary conditions at the
cost of some pitch compression or dilatation. Therefore rather large areas form with
the same number of half-turns within the gap, which are marked by numbers m = 0,
1, 2, 3 in Fig. 4.28b. These are Grandjean zones separated by the defects called
disclinations (thin lines seen in the photo, Fig. 4.28c). At each disclination, the
number of half-turns changes usually by one. In the zero zone, the cholesteric is
unwound but its properties (e.g., elastic moduli) in this quasi-nematic area are
different from the corresponding achiral nematic. Grandjean textures are very

Fig. 4.28 A wedge type cell
filled with a cholesteric (a)
with Grandjean zones marked
by numbers 0, 1,2, 3,4 ...
and the disclination lines 1
shown by arrows. The |
distance dependence of the
helix pitch in different zones
with numbers m is
schematically shown in
sketch (b). Photo of
disclinations limiting the
Grandjean zones (c)
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useful as an experimental tool: one can study and compare different physical,
especially electrooptical effects at different thickness under the same conditions
(same material, alignment, ambient conditions, fields, etc.) One can also observe
the Grandjean zones on preparations without cover slips because a drop of a CLC
has an edge with decreasing thickness. Since the free surface can also align liquid
crystals the Grandjean zones form in this natural wedge at the border of the
preparation. By the way, in smectics such zones exist in a form of microscopic
steps, which could be measured by an atomic force microscope (AFM).

4.7.5 Methods of the Pitch Measurements

Due to its periodic structure cholesteric liquid crystals manifest very interesting
optical properties. In fact, a cholesteric is one-dimensional photonic crystal having
forbidden frequency bands (stop-bands) for a particular circular polarization. This
band appears due to the Bragg diffraction of light on the helical structure. In the
vicinity of the stop band a giant optical rotation of light is observed. Since the pitch
of the helix can easily be changes by external factors such as composition, temper-
ature, UV light, mechanical tension, electric and magnetic field, a variety of tunable
optical devices (like filters and lasers) has been suggested. We shall discuss the
optical properties of cholesterics in detail in Chapter 12.

The key parameter for the tunability is the helical pitch P, which can be found
from the measurements of

(i) The wedge thickness in the centers of Grandjean zones, Py = 2d’/m, as shown
in Fig. 4.28.

(i) The angular position of diffraction spots for the light incident perpendicularly
to the helical axis Fig. 4.29a. Such a texture is formed by the so-called
homeotropic boundary conditions with liquid crystal molecules oriented per-
pendicularly to the plane glasses. Due to the head-to-tail symmetry the period
of the optical properties is Po/2 and wavevector of the optical structure gy =
41/Py. The diffraction spots are located at angles +26 symmetric with respect
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Fig. 4.29 Measurements of the pitch of the helix in a cholesteric. (a) Geometry for monochro-
matic light diffraction on the focal-conic texture. The pitch is found from the angle 2¢) between the
incident and diffracted beams with wavevectors ky and k; (b) Spectral measurements of the light
transmission by a planar cholesteric texture (/o and /7 are intensities of the incident and transmitted
beam)
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Fig. 4.30 A fingerprint
texture of a cholesteric liquid
crystal seen in a polarization

microscope (the distance i "
between stripes equals a - Z
half-pitch) ), =
{7 it
i
F

‘\.&

to the incident beam (zero order diffraction). The modulus of the scattering
wavevector is ¢ = 2kom sin 0,,/2 where incident light vector kg = w/c. The
first order diffraction (m = 1) is very intense and, using angle m,,_; and the
wavevector conservation law ¢ = g, the pitch can be found Py = Ay /m sind.
(iii) The spectral position of the selective reflection or transmission band A in the
planar texture formed by the homogeneous, planar boundary conditions with
molecules oriented parallel to the glasses, Fig. 4.29b. In this case, we may use
unpolarised light and the Bragg condition for one of the circular polarizations

mA = mlo/{n) =2(Py/2)sindg,m =1,2,3... 4.14)

with incident angle ¥g = /2 and m = 1. Therefore, Py = A9/ <n> where <n>
is related to the two principal refraction indices n, and n, parallel and
perpendicular to the director: <n> = (n; + n,)/2.

(iv) The distance between stripes observed under a polarization microscope in the
fingerprint texture, shown in Fig. 4.30. Again due to the head-to-tail symmetry
the distance between stripes equals a half-pitch.

4.8 Blue Phases

These phases were an enigma of the centuries. Since the experiments of Reinitzer
[19] up to recent times it was not clear whether it was a special texture of the known
cholesteric phase or a thermodynamically new phase. The textures of the blue
phases are often of blue color, Fig. 4.31. Properties of the blue phases are very
interesting from the fundamental point of view.

(1) There are three blue phases BPI, BPII and BPIII (or foggy) phase [20]. All blue
phases are usually observed in rather a narrow temperature interval between
the isotropic phase and cholesteric (Ch) phase. Recently, however, a wide
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Fig. 4.31 A texture of blue
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phase BPI
Fig. 4.32 A phase diagram 0 ISO
showing phase transition lines 2
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temperature blue phases have been prepared using stabilization of the helical
structure by a polymer network [21]. A typical example of a phase diagram is
shown in Fig. 4.32 [20]. In the diagram, the abscissa is a percentage of the
racemic component in a mixture with a chiral component of the same com-
pound.

X-ray diffraction shows that local order is liquid-like.

Drops of a BP1 show facets typical of solid crystals seen in Fig. 4.31.
Blue phases strongly rotate the light polarization plane.

Despite properties (iii) and (iv) the blue phases do not show any birefrin-
gence. Blue phases are optically isotropic.

BP1 and BPII show the optical reflections similar to the X-ray reflections
from solid crystals. Bragg reflections correspond to the three-dimensional
periodicity at the micrometer scale like in three-dimensional photonic band-
gap crystals.

The phase transition between the isotropic and a blue phase III is accom-
panied by a very blurred anomaly in specific heat (H), and there are also



4.9 Smectic C* Phase 65

a b c

@\
L%
Al
o
U

§
o,

'
/)

Ll
-

Fig. 4.33 Double-twist cylinder (a) and the structure of the body-centered cubic phase BP1 (b)
and simple cubic phase BPII (c), both consisted of double-twist cylinders (adapted from [22])

noticeable H anomalies between the BPIII and BPI phases [22] and also at
the BP-cholesteric phase transition. This means that we deal not with
different textures of the cholesteric phase but with different phases.

(viii) NMR spectra of BP are different from those of the Ch phase.

It has been concluded that blue phases I and II are three-dimensional periodic
structures, formed by pieces of the helix, a kind of regular lattice of defects having a
period comparable with the wavelength of visible light. How such a phase can be
modeled? One of the most interesting models is a defect structure made of double-
twist cylinders as building blocks [23]. The helical structure forms in two direc-
tions, Fig. 4.33a. Such cylinders can be packed either in the body-centered lattice
forming the BPI phase as shown in Fig. 4.33b or in more symmetric simple cubic
lattice, Fig. 4.33c that may correspond to the high temperature BPII blue phase. The
foggy phase is, more probably, amorphous. It is important that the concept of a
lattice of defects is quite general and can be used in other areas of physics of the
condensed matter (theory of melting, theory of phase transitions, superfluidity and
Abrikosov vortices, structure of amorphous medium, etc).

4.9 Smectic C* Phase

4.9.1 Symmetry, Polarization and Ferroelectricity

The chirality of molecules breaks the mirror symmetry C,y, of the achiral smectic C
phase. The only symmetry element left is a twofold rotation axis C,, and the point
symmetry group becomes C, instead of C,;,. The structure of a single smectic C*
layer is shown in Fig. 4.34. As in achiral smectic C, the molecules in the layer obey
head-to-tail symmetry, the director n coincides with average orientation of
molecular axes and form angle ) with the smectic normal h.
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Fig. 4.34 Structure of a
single monolayer of chiral

h
smectic C*. Rotation axis C,
is polar axis. Chiral molecules
are tilted through angle 9 the
director n forms with layer /é

normal h

C, axis
Fig. 4.35 Correlation of DOBAMBC
temperature dependencies of 2
the molecular tilt ¥ and P, nC/em 6, deg

spontaneous polarization Pj 10
for a ferroelectric compound

DOBAMBC (for the formula

see Fig. 3.5a)

The smectic C and C* order parameters are the same, the two-component tilt
Jexp(ip). However, the plane of the figure is no longer a mirror plane and the C,
axis is a polar axis directed forward or backward with respect to the tilt plane 4,n.
This depends on a sign of handedness. Such symmetry allows for the existence of
the spontaneous polarization vector Py (that is a dipole moment of a unit volume)
directed along the polar axis. Thus, each SmC* layer is polar and possess pyroelec-
tric properties. Moreover, the direction of P, can be aligned by an electric field in
any direction. At a certain boundary conditions provided by e.g. aligning glasses,
the layer manifests two memory states, and, under this condition, each smectic layer
may be considered ferroelectric, for details see Chapter 13. For small tilt angles, the
value of the spontaneous polarization is proportional to ¥ as illustrated in Fig. 4.35
by experimental curves for the DOBAMBC (for formula see Fig. 3.5a), the first
liquid crystal ferroelectric compound synthesized in Orsay (France) following ideas
of Meyer [24]. The value of P, in DOBAMBC is rather small, about 6 nC/cm? at
room temperature, however, nowadays there have been synthesized many com-
pounds with P of several hundreds nC/cm?.

4.9.2 Helical Structure

Due to chiral intermolecular interaction the overall multi-layered structure of
smectic C* becomes twisted, like in cholesterics. The twist angle of the tilt plane is
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¢ =gz =2"p,

that is the tilt plane rotates about z upon translation along z, Fig. 4.36. The period
(pitch) of the helical superstructure P, is incommensurate to the thickness of a
molecular layer. The helicity is a secondary phenomenon. By proper mixing left
and right molecular isomers one can compensate for helicity. For racemic mixtures,
this is trivial and results in the achiral SmC structure with unpolar layers. However,
we can mix right and left isomers of chemically different molecules. In this case, the
helicity is compensated for, but not the polarity of layers. Alternatively, one
can compensate for the spontaneous polarization but keep the helical structure as
it is [25].

In the helical structure, the optical ellipsoid of the smectic C* phase rotates
together with the tilt plane. Like in cholesterics, we can imagine that helical turns
form a stuck of equidistant quasi-layers that results in optical Bragg reflections in
the visible range. Therefore, like cholesterics, smectic C* liquid crystals are one-
dimensional photonic crystals. However, in the case of SmC*, the distance between
the reflecting “layers” is equal to the full pitch Py and not to the half-pitch as
in cholesterics, because at each half-pitch the molecules in the SmC* are tilted in
opposite directions. Hence, we have a situation physically different from that in
cholesterics.

In Fig. 4.37 the location of the Bragg reflections on the optical wavelength scale
is compared for a cholesteric and smectic C* (Og,c+ = 25°) liquid crystals. The
spectra have been calculated numerically using the Palto’s software [26] with the
same parameters for both materials: Py = 0.25 pm, sample thickness d = 4 um and
principle refraction indices 1.73 and 1.51. The calculations are made for normal and
oblique light incidence angles of o = 0 (dash line), and 45° (solid lines). The Bragg
formula (3.14) is valid for both materials. However, at the light incidence along the
helical axis (o = 0) , the left edge of the first order Bragg reflection (m = 1) in
the cholesteric corresponds to 4y = Py<n> =2 380 nm but, in the smectic C* phase, the
first order corresponds to the full pitch 1y = 2Py<n> = 730 nm. At this wavelength
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Fig. 4.37 Comparison of the
calculated transmission
spectra of a cholesteric (fop
panel) and smectic C*
(bottom panel) for two angles
of incoming light incidence:
dashed curves for o = 0
(along the helical axis), solid
curves for o = 45° with
respect to the helical axis.
Both materials have helical
pitch 0.25 pm, refraction
indices n; = 1.73 and n, =
1.51, cell thickness 4 pm. Tilt
angle for the SmC* is 25°

Transmittance

200 400 600 800
Wavelength, nm

and o = 0, the band is invisible (forbidden) due only to the coincidence of effective
refraction indices for the same absolute value of the tilt |£0,,,c«. The band at about
380 nm is the second diffraction order (m = 2). In the smectic C* phase, the first
order Bragg diffraction band appears only at an oblique light incidence, see the
transmission minimum at about 680 nm for oo = 45° in the same figure. Such a shift
to the shorter waves of both m = 1 and m = 2 bands in the smectic C* (as well as of
m = 1 band in the cholesteric) increases with increasing angle of light incidence.

4.10 Chiral Smectic A*

4.10.1 Uniform Smectic A*

This is a chiral smectic A* with symmetry D.. Its properties are similar to those of
the achiral SmA. However, close to the transition to the smectic C* phase, the chiral
smectic A* phase shows interesting pretransitional phenomena in the dielectric and
electrooptical effects (the so-called soft dielectric mode and electroclinic effect).
They will be discussed in Chapter 13.

4.10.2 TGB Phase

This phase consists of uniform SmA* blocks separated by defect walls [22]. At each
wall, the normal to smectic layers in one blocks turns through a small angle with
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respect to the layer normal in the preceding block as very schematically shown in
Fig. 4.38. From such blocks, a helical structure forms. Thus, the phase is twisted,
consists of grains and has defects in a form of grain boundaries. That is why it is
called a twist-grain-boundary or TGB phase. We should distinguish among the
TGBA and TGBC phases based, respectively, on the smectic A* or smectic C*
structure of their blocks. The TGB phases having a helical pitch shorter than light
wavelength are optically isotropic. Such substances, especially based on side-chain
polymers with photochromic moieties are interesting for optical information
recording and applications to holography.

4.11 Spontaneous Break of Mirror Symmetry

This phenomenon has been discovered in the liquid crystal phases consisting of
so-called banana (or bent-core) shape molecules [17, 27]. A mechanical model in
Fig. 4.39a illustrates the idea. Each of the two dumb-bells has symmetry D, with
infinite number of mirror planes containing the longitudinal rotation axis and one
mirror plane perpendicular to that axis. Imagine now that one of the dumb-bells is
lying on the table and we try to put another one on the top of the first one parallel to

TGBA phase
g
Fig. 4.38 Schematic picture I
of the block structure of the TR \\
twist-grain-boundary smectic A \\
A* (TGBA) phase
a b
w
homogeneous
achiral
Left phase
0
TNE
3 Left right
Right N domains

Fig. 4.39 A mechanical model of two interacting dumb-bells illustrating a break of the mirror
symmetry (a) and the potential curves with two minima corresponding to two possible azimuthal
angles between the dumb-bells (b). The same curves qualitatively illustrate the energy of the
achiral phase and two chiral domains (left- and right-handed) as functions of the tilt angle ¥ of
molecules in the smectic layer
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the other. Such a construction, although unstable, would have mirror symmetry. In
reality, the dumb-bells will form a kind of a chiral propeller, left or right, shown in
the figure. The reason is that the gravitational potential energy of the upper dumb-
bell is lower in a chiral construction. Due to this, the mirror symmetry is broken.
Since the formation of right- and left-hand propellers is equally probable, the
potential energy roughly has a shape of a two minima curve, see Fig. 4.39b, that
will also be discussed below.

Something similar happens with achiral banana or bent-shape molecules. Chem-
ical formula of a typical compound is given in Fig. 4.40. In this particular case, the
dipole moment is approximately directed from up to down. The molecules have
banana-like shape and located within the plane of the drawing forming a single
layers with long molecular axes perpendicular to the smectic plane, Fig. 4.41. Such
amonolayer is achiral and can be unpolar (a) or polar (b). Note that the polar achiral
layer possesses spontaneous polarization Pg located within the figure plane and
directed depending on the sign of molecular dipole moment (to the right in the
figure). If the direction of Py can be switched by an external electric field between
two stable positions the monolayer is ferroelectric. A stuck of unpolar or polar
layers may form either an unpolar or polar smectic phase. An example (a polar
phase) is shown in Fig. 4.41c. Packing of polar layers with opposite in-plane
directions of P, results in the antiferroelectric phase, like in chiral antiferroelectrics
(see Chapter 13).

Cl
0 /@ 0
(@] (@]
N
H29C14 Ci14Hag

Fig. 4.40 Chemical formula of a typical bent-shape molecule. The electro-negative CI atom is
responsible for the molecular dipole moment directed approximately down close to the vertical
axis

Fig. 4.41 Structure of single
non-polar (a) and polar

(b) smectic layers formed by
bent-shape molecules: the
longitudinal axes are aligned

Tome- (@
wpright and e plneof be B 2 (-
(R ((WE
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Fig. 4.42 Breaks of the mirror symmetry by the molecular tilt. Due to the collective tilt of
molecules the zy plane is no longer a mirror plane. Three vectors, namely, molecular dipole
moment Py, the normal to the layers h and the director n form the right-handed triple of vectors.
For the tilt angle equal to (—J) the triple changes the sense of chirality, i.e. becomes left-handed.
As a result, right-handed and left-handed domains are observed

Table 4.2 Symmetry and structural features of the most popular thermotropic liquid crystal
phases consisting of rod-like molecules (for the nomenclature we follow [28])

Symbol Symmetry Structural features

T orIso Ky, x T(3) Ordinary liquid phase with full rotational and translational
symmetry

I (chiral) K x T(3) Liquid consisted of chiral molecules showing rotation of linearly
polarized light

N Doon X T(3)  Uniaxial nematic phase possessing long range orientational order
and no translational order

Np Do, x T(3) Biaxial nematic phase possessing long range orientational order
and no translational order

N* or Ch D, x T(3) Chiral nematic or cholesteric phase with twist axis perpendicular
to the director and macroscopic periodicity

SmA Doon X T(2)  Uniaxial lamellar smectic A phase possessing one-dimensional

periodicity along the director (i.e. layer normal). Quasi-long-
range positional order along the layer normal and two-
dimensional liquid-like order within the layer plane

SmA¥* Do, x T(2) Optically active, chiral version of SmA phase

SmC Con x T(2) Optically biaxial, tilted, lamellar phase: the director forms an
angle with the normal to layers. Quasi-long-range positional
order along the layer normal and two-dimensional liquid-like
structure within the layer plane

SmC* C, x T(2) Optically active chiral analogy of SmC phase showing
macroscopic periodicity with twist axis perpendicular to
smectic layers. Quasi-long-range positional order along the
layer normal and two-dimensional liquid-like structure within
the layer plane. Single layers of the same symmetry may form
different phases in the bulk: ferroelectric (SmC¥*),
antiferroelectric (SmC,*) and ferrielectric (SmC,*).

TGBA¥* or D, x T(2) or Twist-grain-boundary (chiral) phases consisted of twisted grains

TGBC* C, x T(2) or blocks of the smectic A* (or C*) phases with defect walls
(boundaries) between them
SmBjex Dgn x T(1) A stack of interacting hexatic layers with three-dimensional, long-

range, sixfold, bond orientational order and liquid-like
positional correlations within the layers

(continued)
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Table 4.2 (continued)
Symbol Symmetry Structural features

SmF Con x T(1) Tilted analogy of the hexatic phase. A stack of interacting hexatic
layers with three-dimensional, long-range, sixfold, bond
orientational order and liquid-like positional correlations
within the layers

BPI 0’ x T(0) Blue phases BPI (body-centered cubic) and BPII (simple cubic)
BPII 0? x T(0) are chiral phases with three-dimensional macroscopic
BPIII Unknown periodicity and liquid-like molecular correlations. Three-

dimensional photonic bandgap crystals showing optical
activity but no birefringence. BPIII is lower symmetry “foggy”
phase strongly scattering light

By, B,,...,B, Unknown Series of achiral phases formed by banana- or bent-shape
molecules. The phase symmetry reduces with suffix n.
Manifest spontaneous brake of mirror symmetry and
interesting ferroelectric and antiferroelectric properties

SmB,, Dgn x T(0) Crystalline lamellar phase with upright molecules and hexagonal
lattice. True three-dimensional positional order. Soft crystal
with small shear elastic modulus

SmE D, x T(0) Biaxial crystal with upright molecules having true three-
dimensional positional order. Rectangular in-plane lattice and
herringbone packing of molecules (orthorhombic syngony).
Soft crystal with small shear elastic modulus

Now we are ready to discuss spontaneous break of mirror symmetry. An achiral
phase is spatially uniform and has mirror symmetry, i.e. its potential energy has a
minimum located at zero tilt angle 1, see Fig. 4.39b. With decreasing temperature,
the same molecules can acquire a collective tilt, some of them become tilted to the
left with respect to the smectic layer normal (positive ¢ in Fig. 4.42), the others to
the right (negative ¢) in equal amounts. In fact, due to the tilt a triple of non
coplanar vectors occurs, the vector of layer normal h, the vector of polarization P
and the director n, that is necessary condition for chirality. This results in a break of
the uniform structure and formation of right-handed and left-handed ferroelectric
domains. Now the potential energy has two minima at the tilt angles +¢ and —J for
the two types of domains, like in Fig. 4.39b. The banana phases manifest remark-
able electrooptical properties; for example, upon application of a d.c. voltage, the
directors rotate in opposite direction in the domains of opposite chirality.

In conclusion of this chapter we demonstrate Table 4.2, in which the most
important liquid crystal phases and their structural properties are listed.
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Chapter 5
Structure Analysis and X-Ray Diffraction

5.1 Diffraction Studies and X-Ray Experiment

5.1.1 General Consideration

The diffraction of the electromagnetic waves or the de Broglie waves of electrons
and neutrons on a liquid, liquid crystalline or crystalline structures results in a
characteristic pattern from that one can restore a distribution of density in space or
density function p(r) [1, 2]. What kind of density we speak about?

The electron density is probed by electromagnetic waves, as in optics. In fact, the
same theory of light diffraction and dispersion is relevant to the X-ray diffraction
for wavelengths comparable to the size of atoms. For X-rays, the wavelength Ay ~
05-1 A depends on material of the anticathode in an X-ray tube. In a synchrotron,
the electromagnetic wave spectrum is very large and determined by the speed of
moving electrons. From the experiment we can find the density (or number) of
electrons in atomic shells.

An electric potential of a substance is probed by charge particles emitted, for
example, by an electronic gun or an accelerator. The electron beam is scattered by
the electric potential of positive nuclei and negative electrons and the maximum
positive potential corresponds to the center of an atom. The electrons in the beam
have the de Broglie wavelength A. dependent on their velocity v, i. e. on the
accelerating voltage V, namely, eV = m,v, 22 = W

Ao = h/m(,v - h/(ZmeW)l/z. (5.1)

Here m, is electron mass and 4 is Planck’s constant. Hence, for electron energy
W =1 eV-10 keV, the wavelength is A, ~ 10-0.1 A. From this diffraction
experiment we can find the distribution of the electric potential correlated to
some extent with the distribution of the mass density. Another technique for
mapping the local electric potential is Atomic Force Microscopy [3].

The distribution of the mass of nuclei almost equal to the full mass density is
probed by neutron beams. To this effect, one can use the so-called thermal or cold
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neutrons with energy W ~ 0.05 eV provided by nuclear reactors. The corresponding
wavelength is in the proper range for structure analysis, A,, = 1-1.5 A, because the
mass of a neutron is large, m, = 1840m,.

All these techniques have certain advantages and disadvantages. The electron
diffraction experiment requires for vacuum or low pressure gas, and thin films, very
often on conductive substrates (otherwise the surface is charged by incoming
electrons). On the other hand, the interaction between charges is very strong and
one may operate with small samples and short expositions and, due to short
wavelengths, the spatial resolution can be very high. In addition, the data process-
ing is sometimes simpler due to a small curvature of the Ewald sphere to be
discussed later. Using electrons even light atoms like hydrogen are well seen.

Neutron diffraction requires for larger samples (linear dimension about 1 cm)
and the reactors producing short lifetime (minutes) cold neutrons are expensive. On
the other hand, in contrast to X-rays, neutrons are sensitive to isotopes and atoms
with slightly different atomic mass, such as Co and Ni. In addition, a neutron has an
intrinsic magnetic moment about two Bohr magnetons, p,, = 1.9 pg. For this
reason, neutrons strongly interact with magnetic moments of electrons and nuclei.
Thus, a neutron experiment provides a unique possibility for studying different
magnetic structures, spin effects, para- and ferro-magnetism. However, the X-ray
technique is the most universal for the structure analysis. In fact, the majority of
structures of crystals from the simplest ones to those formed by protein molecules
were found by the X-ray diffraction.

5.1.2 X-Ray Experiment

One can use conventional low intensity sources (X-ray tubes) providing very narrow
spectral lines, but low intensity. A set-up consists of an X-ray tube (X), beam
collimators (C), one or several monochromators (M), a detector (D) and a data
acquisition system (PC). A sample is installed in a camera with controllable tempera-
ture, Fig. 5.1. In the case of a liquid crystal, a magnetic or electric field is necessary
for the sample orientation. Historically, for a long time, fluorescent screens and

Fig. 5.1 A set-up for a study of X-ray diffraction on liquid crystals: X-ray tube (X), beam
collimators (C), mirrors (M), a detector (D) and a data acquisition system (PC). A sample is
represented by a stack of parallel layers placed in a camera with controllable temperature installed
between the poles of a magnet
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photographic films were primary tools for detecting X-rays. The latter are two-
dimensional, very cheap and sensitive but their processing requires densitometers
for the image digitizing. Since few decades, point detectors have been using every-
where based on the proportional and scintillation counters both one- and two-dimen-
sional. Automatic two-dimensional detectors are very convenient because they grasp
the entire diffraction pattern and save a lot of time.

Nowadays, however, synchrotrons are available that provide million times
higher intensity and wide spectrum of the polarized emission. One can use different
wavelength ranges and short expositions when studying dynamic processes. Of
course, there are not so many synchrotron accelerators all over the world but they
have many output beams, as shown in Fig. 5.2, and attached are many experimental
stations. Such a work is usually organized at the international level.

What does an X-ray diffraction experiment bring about? In fact, a lot:

1. Number of diffraction peaks on a diffractogram, their precise positions and the
symmetry of the pattern

2. The peak amplitudes / and areas A under peaks as functions of temperature,
pressure, external fields, etc.

3. The peak profile that is the profile of the diffraction intensity /(g) within a
particular diffraction spot, which is a function of the diffraction angle or
scattering wavevector g. The key problem of X-ray analysis is how to relate
1(g) to the electron density function or density correlation function that takes into
account thermal fluctuations.

5.2 X-Ray Scattering

5.2.1 Scattering by a Single Electron

Protons and electrons are charge particles interacting with electromagnetic waves
and their number and particular location determine the amplitude of scattered waves.
As the electrons are very light they contribute much stronger to X-ray scattering than
protons (nuclei). In fact intensity of scattering is even measured in electron units.
Therefore, scattering by a single electron deserves a brief consideration.

radiation

Fig. 5.2 A geometry of
electromagnetic wave
emission from an accelerator
of relativistic particles
(synchrotron). R is radius of
the synchrotron ring. X-ray
emission in the form of the R orbit of
cone is delivered to one of the electrons
many experimental stations
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Let linearly polarized, plane electromagnetic wave of amplitude E is incident
on a free electron, Fig. 5.3. The equation of oscillatory motion of the electron about
the centre of coordinate is:

m,(d*r/di*) = (m,/e)(d*d/dt*) = eEq cos(wt + o) (5.2)

where vector r is displacement of the electron that creates a dipole momentd = er.
The current produced by moving electron is proportional to its velocity v, i.e.
Jj = ev = dd/dt, which, in turn, is a source the electromagnetic field in point P [4].

62
WRO [(E() X n) X n] (53)

E [(dxn)xn] =

CZR 0

Vector (Eg X n)is perpendicular to vector n and has modulus Egsiny where
v=(n/2)—06. Therefore, the modulus of the scattered field amplitude is Eycos26.
Note that the angle between the wavevectors of incident and scattered wave is
assumed to be 20 according to the convention adopted below (see Fig. 5.4) and used
throughout the book.

The energy flux is given by the Pointing vector

S = (c/4n)E™n (5.4)

and the dipolar emission energy incident on a small surface element df = R3dQin a
solid angle dQ is given by dW = Sdf = (c/4n)E’R3dQ. After substituting E> = E?
from Eq. 5.3 we find the intensity of the scattered, polarized wave.

42

E
AW = —£20_ 6622040 (5.5)
drm?c3

Fig. 5.3 Geometry of
scattering linearly polarized
electromagnetic wave by a
single electron. The incident
wave field Eq causes
oscillatory displacement r of
an electron and the scattered
wave is detected in point P

Fig. 5.4 Tllustration of an
electromagnetic wave
scattering by two material
points: ko and k are vector of
incident and scattered waves,
q is vector of scattering
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Now, normalizing Eq. 5.5 by the Pointing vector of the incident wave E, we find
the differential cross-section of one-electron scattering:

do, = (ez/mecz)2 c0s 20dQ (5.6)

The emission of the dipole is symmetric with respect to the dipole axis ux,
Fig. 5.3, and has the oo-form in the xz plane (no emission exactly along the
x-axis). It is spectacular that the cross section is independent of frequency.

In order to obtain the fotal cross-section of scattering we should integrate the
diagram over ¢ from O to 2r and over 2?9 from O to w in the polar coordinates with
the vertical polar axis x. The angle y=(1t/2) — 20 will be a polar angle and angle ¢
an azimuthal angle in the zy plane. Then, with a volume element dQ=sinydyd, the
integral [ sin*ydydy = 87/3 and the overall scattering cross-section of an electron
irradiated by a linearly polarized light is given by the Thomson formula:

8n [ &2 2
c, = 3 (m c2) 5.7

Since we are mostly interested in scattering unpolarised X-ray radiation we
should average Eq. 5.7 over all directions of vector E perpendicular to the direction
of the wavevector of the incident wave kj, i.e. around the z-axis. Then we find the
differential cross-section of one-electron scattering in unpolarized light:

do, = %(ez/mgcz)z(l + c0s°20)dQ (5.8)

As to the total cross-section of scattering by free electron irradiated by unpo-
larized light, it is described by the same Thomson formula (5.7) that is easy to check
by integrating (5.8) over 20 (from 0 to ) and over @ (from 0 to 2m).

5.2.2 Scattering by Two Material Points

Let the plane wave with wavevector Ky is incident onto two scattering points fixed
at O and O, see Fig. 5.4. The center of the reference polar coordinate system is at
point O and point O’ is characterized by radius-vector r. Both points are sources of
secondary spherical waves propagating in all directions (Huygens’ principle). The
mechanism of scattering is not important because now we consider a very general
geometry of wave scattering, not its amplitude. Consider a wave with wavevector k
scattered by two points at angle 20 with respect to kg and introduce the wavevector
of scattering (or diffraction) as a difference between the two vectors

q=k—ko (5.9)
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It is equal to the momentum taken by a fixed material point. In our case, modulus
Ikl = Ikl (i.e. A=Xp). This corresponds to elastic scattering because the points do
not take energy from the photons and the light frequency remains unchanged.
Hence, as seen from the figure the scattering wavevector amplitude is

47 sin 0
q:ZkosinO:% (5.10)

and the scattering angle between incident and scattered waves is 20.

This is very general equation that will be used further on. From the same figure
we can extract another useful relationship between the g-vector and the wave path
difference A accumulated along the distance between the particles. It is just a
difference of two scalar products:

A =kr —kor = (k —ko)r = qr (5.11)

5.2.3 Scattering by a Stack of Planes (Bragg Diffraction)

Let an electromagnetic wave is incident on the system of two parallel planes at an
angle 0 with respect to the planes. Then, as seen in Fig. 5.5, the scattering vector is
again described by Eq. 5.9. Now, let us introduce a new vector, a wavevector of the
structure with period d: gy = 2m/d. Then, at a certain “resonance” angle 0, the
wavevectors of scattering and structure coincide:

(4n/A\)sin By = 27/d or 2dsinfy = A (5.12)

The same condition can easily be found by comparison of the wave path
difference 2dsint with wavelength A.
For a stack of layers we will have m multiple reflections and equation

mh =2dsin®y, m=1,2,3.. (5.13)

Fig. 5.5 Bragg scattering (or
reflection) of an
electromagnetic wave by a
stack of parallel planes in
vacuum (d is period of the dsin® ky* I
stack structure, q is vector of d
scattering)
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called Bragg (sometimes Bragg-Wulf) formula for the diffraction (resonance)
angles of X-ray scattering from the stack of planes. For example, it could be crystal
planes (& k ) or smectic layers with interlayer distance d.

This interlayer distance can be found as d=A/2sin?, from the X-ray experiment
measuring the angle of the first-order diffraction spot (m = 1) or from higher order
reflections. It is convenient to plot the diffracted beam intensity as a function of ¢;
then different diffraction orders are located at equidistant positions, as shown in
Fig. 5.6:

q = (4n/)) sin¥ = mqy = 2nm/d

Note that Egs. 5.9-5.11 tell us nothing about the amplitude of waves and the
intensity of scattering because we used only the momentum conservation law.

5.2.4 Amplitude of Scattering for a System of Material Points

Generally, the amplitude of a wave scattered by material point O and measured at
any distant point P (R) corresponds to the Huygens principle:

1
Fp = ofoexpikR (5.14)

and is determined by a scattering efficiency f, of the point O (depending on its
electron mass), a distance R between the scattering center and point P and a
wavevector k of a scattered wave (through multiplier exp/kR). Below we shall
disregard term (1/R) (it may be taken into account if necessary) but always operate
with vector of scattering q = k — k¢ having in mind that k, has fixed direction
along the selected coordinate axis. It is vector q that is responsible for all the
interfering scattered beams propagating in direction to point P as was shown for two
scattering points, see Eq. 5.11.

Consider now N scattering points having different scattering efficiency f; and
located at different distances r; from one of the scattering points O selected as

1 Smectic A

15t order

Fig. 5.6 Illustration of the
Bragg diffraction with the
qualitative angular diffraction j\ 3rd

spectrum of the smectic A
phase 0 % 2q0 3 q
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Fig.5.7 (a) Geometry of scattering by several objects with vectors r; between them and the beams
scattered in direction to point P; (b) angular dependencies of scattering intensity by different
atoms. The plot shows strong scattering in forward and back directions and the weak scattering in
the direction perpendicular to the incident beam

areference, Fig. 5.7a. All these points contribute to scattering in q direction defined
by Eq. 5.10. Then the amplitude of the field of N scattering points “measured” at
point P is superposition of all N- amplitudes:

N
Fyp(a) =) fiexpi(ar)) (5.15)
j=1

Here q is the wavevector of scattering defined by Eq. 5.9 for two material points.
Now we make a generalization, i.e. consider a body with continuous density of
scattering points p(r) (that is density of electrons, atoms and molecules). Then the
scattering amplitude is an integral over the scattering volume in the three-dimensional
r-space shown by dash line in Fig. 5.7a:

F(q) = Jp(r) expi(qr)dv (5.16)

Thus, the amplitude of scattering in point P is just a Fourier integral of the
electron density function (generally complex). The variation of the position of point
P means variation of scattering vector ¢, therefore suffix P at Fp(q) is skipped. At
each q we collect total amplitude of scattering from all the body with density p(r)
usually situated far from point P. In the Cartesian system:

F(q) = m p(x,y,z) expi(qex + qyy + g.z)dxdydz (5.17)
\%4
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5.2.5 Scattering Amplitude for an Atom

An atom has a spherical symmetry, therefore p,(r)= p,(r). However, the incident
beam propagating along the x-axis breaks the overall spherical symmetry of
scattering. In the spherical reference system, with radius r, polar angle ¥ (0—m),
azimuthal angle \y (0 — 21), a volume element is dV = r* sint) ddd\rdr and A=qr
~ grcosv. The integral (5.16) is triple integral and, at first, we integrate with respect
to ¥:

T o o .
eiqrcosﬁ sinddd = — ieiquOSﬂrr: 3 elr — e~ lar _ 2 sin qr
iqr 0 qr 2i qr
0
Next integrating with respect to ¢ results in 2. Now we should integrate (5.16)
with respect to r and find the angle (or ¢-) dependence of the field intensity scattered
by an atom

Rl U (5.18)
qr

Flq) = j4m~2pa<r>
0

We see that the scattering amplitude depends only on the modulus of q and is
spherically symmetric in the g-space. Since p,(r) is unknown there is no universal
formula for each atom but we can analyze two asymptotic cases:

forqg — 0, singr/qr — land F(0) = J dnr?p,(r)dr = J p,(r)dV =2

and
forq — oo, singr/qr — 0, F(q) — 0.

Indeed, according to (5.10), for a finite A, the case of g—0 means 6—0 (forward
scattering) the scattering amplitude is proportional to the number of electrons Z in
the atom. It means strong forward scattering as in case of a single electron. The
intensity of scattering will be proportional to Z2. However, for directions strongly
perpendicular to the primary beam the scattering is absent. This is a result of
interference of different scattered waves from individual electronic oscillators.
The calculated angular dependencies of scattering intensity for different atoms
are shown in Fig. 5.7b (in electron charge units) [2]. Since sinB/A=g/4m, see
Eq. 5.10, the abscissa is, in fact, the vector of scattering.
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5.3 Diffraction on a Periodic Structure

5.3.1 Reciprocal Lattice

Now we consider periodic crystalline structures. The simplest case is one-dimensional
structure realized, for instance, in the smectic A phase, see Fig. 5.8a: the density is
periodic along x with period a, and wavevector ¢ = g, = h(2n/a), h is an integer.
Then the density function can be written as

p() =3 6(x — ha)

and in accordance with (5.16) the scattering amplitude is given by

o0

Fla) =Y gjaoc — ha)ettdy =13 eine,

h=—00

As exp(ig,ha) = 1 only for g, = 2n/a (otherwise it equals 0) the same equation
may be rewritten as
1 & 2n
Fin(qy) = F(gy) =— o(ge ——h 5.19
W(ax) =Flg) == olg——h) (5.19)

—00

Therefore, F(g) is a set of the d-like peaks on the g-scale separated by distances
2n/a! These peaks form a one-dimensional reciprocal lattice with basic vector 2n/a,
shown in Fig. 5.8b.

In the three-dimensional-lattice, there are three basic vectors a, b, and c,
Fig. 5.9a, and we can introduce a concept of the reciprocal three-dimensional
lattice. It is a lattice in the wavevector space having the dimension of inverse length
for each coordinate in the inverse space. Such a lattice may be built by translations
of the elementary cell shown in Fig. 5.9b. The basic vectors of the reciprocal lattice
are a*, b*, ¢* and the vector of the reciprocal lattice is given by

H= Hhkl = ha* + kb* + Ic* (520)

1D lattice

p(x) | « .

1D reciprocal lattice

0 : O
x 2n/a qx

Fig. 5.8 Periodic density distribution (density wave) in one-dimensional crystal (a) and one-
dimensional direct and reciprocal lattices with periods a and 2m/a (b)
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Fig. 5.9 A crystal lattice cell a b
built on the a, b, ¢ vector basis A
(a) and a cell of the reciprocal c
lattice based on vectors a*, b*,
c* (b)
)
AN 4 ar

|
I c* o
[}
1
X-ray 1 oa*
b
o 1
° ™
b electrons

Fig. 5.10 Projection of the Ewald sphere on the a*,c* plane in reciprocal lattice for crystal
irradiated by X-rays (solid semicircle) and electrons (dash line). Radius of the sphere is 27/A.
Lattice vector H connects two points of the reciprocal lattice. When vector of scattering (k — ko)
coincides with H, a strong diffraction is observed at a particular angle defined by Eq. 5.10

where h, k, [ are integers. Vector H is a fundamental characteristic of a three-
dimensional crystal. In the simplest case of a rectangular cell, the reciprocal lattice
has periods 2n/a, 2n/b and 2m/c. For crystals of other symmetry, a* = 2n(b x ¢)/
(a-b x ¢),b* = 2mn(c x a)/(a-b x ¢),and ¢* = 2n(a x b)/(a-b x ¢) where we see
in denominator the mixed product of the three vectors corresponding to the volume
of elementary cell.

When the crystal is irradiated by an X-ray beam, its lattice scatters the radiation
selectively. A strong diffraction is observed when the wavevector of scattering for a
particular angle (i.e. q) coincides with the vector of reciprocal lattice, as shown in
the Ewald sphere, Fig. 5.10. The condition

q:k—k():H

means the conservation of linear momentum of electromagnetic wave. Then,
according to (5.16) the amplitude of scattering is given by

1 .
Fhkl = V J p(l‘) exXp erhkldV (521)
Ve

where integrating is taken over the volume V. of a single crystallographic cell in the
direct space.
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Hence, for the elastic scattering, the ends of the scattering vector of the scattered
beam k must coincide with the points of the reciprocal lattice determined by the
three-dimensional Ewald sphere [1] of radius k = 2m/A(. The center of the sphere is
defined by the direction of k¢ (horizontal in the figure) and one of the points. The
X-ray wavelengths are close to the periods of crystal lattices and the sphere
curvature is large. For electrons, the wavelength is much shorter, the sphere radius
of the corresponding Ewald sphere is longer and the sphere surface in the figure is
very flat.

5.3.2 Intensity of Scattering

Consider a three-dimensional crystal. For the scattering amplitude of a discrete
system of j atoms in an elementary cell we can write a formula similar to (5.15):

N
Fug =Y _frexpi(Hur)), (5.22)
j=1

Now the summation is performed over all atoms in one cell and f; is scattering
efficiency of a particular atom. The vector Hy,; determines the angular positions of
the diffraction spots, the coefficient f; determines their form, i.e. the angular
distribution of the scattering intensity within the spot. But how to estimate the
scattered field intensity related to the energy dW/dQ scattered at a certain angle +J in
a unit solid angle?

The magnitude of the energy flux O = dW/dQ scattered by an object is deter-
mined by the number of electrons in the object, their spatial configuration and the
differential cross-section of scattering by one electron, given by Eq. 5.8. The latter is
normalized to the energy of the primary X-ray beam and is independent of the
distance between an object and a detector. From the measurements of the flux we
can find the scattering efficiency of an atom f;, molecule or any object. The spatial
configuration of electrons determines the scattering amplitude (electric field strength)
at the detector and the flux of the energy is proportional to the squared modulus of the
complex amplitude that is IF (q)l2 = F(q) F*(q). Therefore, for incident flux of
unpolarized beam Qy = 1, on account of (5.8), the scattered flux is given by

= F(a)

2 \* 1 + cos229 )
mc?

0(q) = (

The differential intensity calculated in that way is related to a point in the
diffraction pattern corresponding to wavevector (. Usually, all multipliers are
excluded, although they can be taken into account when necessary (for example
c0s?219), and the scattering intensity /(q) is expressed in relative, “electron units”
[electronz] as follows:

I(q) = [F(q)]> = F(q)F"(q) (5.23)
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The intensity can be found from the X-ray diffraction experiment and the result
compared with calculated diffraction pattern that is angular spectrum of the scat-
tered X-ray intensity. To this effect, we should make a Fourier transform F(q) of the
density function p(r) i.e. find the scattering amplitude and then take square of it,
I(q) = IF*(q)l. This works well for solid crystals, but is not always convenient for
liquids, liquid crystals and other soft matter materials in which the thermal fluctua-
tions play a very substantial role. In such cases, the so-called density autocorrela-
tion function appears to be more convenient. However, before to proceed along that
way, we should separate two sources of scattering.

5.3.3 Form Factor and Structure Factor

These are key functions in the X-ray analysis. Let us take Eq. 5.15 for the scattering
amplitude of N scattering objects, e.g. by molecules forming a molecular crystal,
and write the scattering intensity

N N
I(q) = F(@F (q) = Y _ Y _f(Q)fi(a) expig(r; — ri)
Tk

Here r; and ry are the same vectors corresponding to the distances shown in
Fig. 7a and sign minus at ry comes from the complex conjugation. Both summations
are made from 1 to N. The same equation may be presented in another form:

N N N-1

1(q) = > _fi@fi(a) expia(ry —r) + Y > fi@)fi(q) expig(rj —ri) (5.24)

j=k # ok

In the first N terms j = k, q(r; — r) = 0 and, this sum corresponds to the
intensity coming from the individual atoms or molecules without interference or
diffraction. Such scattering and corresponding terms exist even in the gas phase
(so-called, “gas component”). Thus f;(q)fi(q) = Ffo,,m(q) is a smooth decaying
function of q like the square of the atom scattering amplitude shown in Fig. 5.7b.
The second term includes N — 1 times more terms than the first one and has very
sharp maxima at q(rj — r) = 2r due to periodicity of the crystal lattice. For

identical objects we may also extract fify = F 2f(,,.m(q) from the second sum symbols:

N_(N-1)
I(q) = NF},,,(@) +NF;,,,(@) Y > expiq(rj —ry).
#ok
The normalized intensity is given by

@) vy
N (@ ; Zk: expiq(r; —r¢) = S(q) (5.25)



88 5 Structure Analysis and X-Ray Diffraction

where S(q) is a structure factor determined by relative positions of the objects
(atoms or molecules) in a medium of given symmetry and the character of their
positional correlations. The normalized scattering intensity is given in “electron”
units.

From (5.25) we may conclude that the total intensity of scattering of a crystal is a
product of a sharp structure factor and a smooth form-factor that is a series of sharp
peaks with a smoothly decaying envelope fif;. The structure factor can be found
from the experimental angular dependence of the scattering intensity. But what is
the relation between structure factor S(q) and density function?

Theoretically they are related by the Fourier transform

S(q) = JG(r) exp(iqr)dV (5.26)

of a new function, the so-called density correlation function G(r). According to
(5.26) a diffraction structure factor S(q) related to intensity pattern may be calcu-
lated form the known G(r) function by direct Fourier transform (this is a direct
problem of the X-ray analysis). On the contrary, the density correlation function
G(r) may, in principle, be calculated from the measured function S(q) by the
inverse Fourier transform (an inverse problem). Below we shall use these proce-
dures, but, at first, let us consider the Fourier transforms and related operations
more carefully.

5.4 Fourier Transforms and Diffraction

5.4.1 Principle

We know several important examples of the Foutier transform in physics. For
instance, the time evolution of the electric signal f(f) may be related to the
frequency specrum F() of the same signal by a Fourier transform. In the diffrac-
tion study we relate spatial periodicity of a density p(r) to the spectrum of the
wavevectors (or angular spectrum) F (¢) of the same structure. The direct Fourier
transform of density function is given by operation:

Fl@) = [ () explian)av = 3} (5.27)
14
The inverse Fourier transform of scattering amplitude is given by:

1 1
= s jF(q) exp(—iqr)dq = S [p] (5.28)
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Note that factor (21)* correspond to three-dimensional (3D) case. For 2D and 1D
cases we would have (211;)2 and (2m), respectively. However, very often the factor
(2m)® is skipped at all. The direct and inverse Fourier operators applied consecu-
tively restore the initial density function.

3 [S[p(0)]] = p(r)

We meet this case in technics. For instance, in an optical microscope, lenses
fulfil the direct and inverse Fourier transforms: the light is focused by a condenser
onto the object, then diffracted, then collected by an objective, and finally the image
is taken by a video camera and seen on a screen. The form of the object is seen as an
intensity pattern that is a flat distribution of the optical density, because the phases
of the waves forming the image are lost. A holographic technique, which always
uses an interference of scattered rays with a reference beam having a known phase,
allows the restoration of a volume image of the object.

Unfortunately, some important information is also lost in the X-ray diffraction
experiment:

1. The phases of scattered rays are not recorded

2. As density p is real quantity, F(q) = F(—q), the scattering pattern is always
centrosymmetric (Friedel theorem)

3. A possible range of vectors of scattering ¢ = (4r/A)sind is limited by ¢« = 4
/A

4. An absence of lenses for the X-ray range restricts X-ray applications in compar-
ison with optics

Therefore, it is very difficult to solve the inverse problem mentioned above, that
is to find p(r) from the data on scattering intensity /(q), and one usually tries
different p(r) or G(r) model functions with subsequent calculations of S(q) and
then /(q) for comparison with experiment. Below we consider few examples of such
direct problem solutions.

5.4.2 Example: Form Factor of a Parallelepiped
Consider diffraction by a single transparent parallelepiped with edge lengths
A, B, C, Fig. 5.11a.

—A/2<x<A/2,-B/2<y<B/2,-C/2<z<C(C/2

Assume density p=const within the parallelepiped and p=0 outside of its
volume. According to Eq. 5.17, the scattering amplitude is

A2 B2 CJ2

F(q) = J J J pexpi(qex + qyy + g.z)dxdydz
—AJ2 —B/2 —CJ2
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The integral over —A/2 < x < A/2:

A2
. o . A2 sin(Ag,/2)
dx =2 4 — Ap DI Z) _ ppA (A, q) (529
p J/zexpquxx o exp(iq.x)|"y , = Ap (Aq/2) PAL(A,qx)  (5:29)

The plot of scattered field amplitude A, is shown in the upper part of Fig. 5.11b.
It is the so-called sine-integral function. The scattering intensity is shown in the
lower part of the figure. Integrating over the y and z co-ordinates we obtain the
three-dimensional scattering amplitude F(q)= pVAAyA, and intensity I(q)=
PVAAAA,) .

Note that, for infinitely thick parallelepiped (A—o0), there is no diffraction, only
directly transmitted beam is left and the integral becomes d-function. Generally, the
larger parallelepiped dimensions the narrower is the central peak. We shall come
back to this point when discussing the diffraction on thin layers of a smectic
A liquid crystal.

Consider two interesting particular cases shown in Fig. 5.12:

1. In the top left sketch, the parallelepiped is degenerated into the infinitely thin
plane with dimensions A—o0, B—o0o, C—9d(z). All its density is concentrated in

a b
A -1
B
A Ax
— et
Fig. 5.11 Geometry of the c
parallelepiped discussed (a)
and the patterns (b) of the
diffraction amplitude (above) qx
and intensity (below)
a Tb
z Perec0 z P00
| —
é 2 ? y
- y
X | X
q
: /F 000 FococO
qz
Fig. 5.12 Fourier transforms q #1
(lower drawings) of a plane q v > v
into a line (a) and a line into a x | q
plane (b) € x
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plane x,y that symbolically can be written as p....0 Then, scattering field
amplitude F(q) = Fooo is degenerated into a line along the z-axis, as shown
in the bottom left sketch. The square of the field amplitude corresponds to the
form-factor of an infinite square (or roughly speaking, to a very large square-like
molecule).

2. Density pgoso is concentrated along the z line, C—o0, A—d(x), B—06(y). Then
F(q) = Fococo, that is the scattering amplitude is degenerated into the gy, gy-
plane with A, —d(q,), see right sketches. The intensity pattern corresponds to
the form-factor of an infinite rod (or, roughly speaking, to a very long rod-like
molecule).

5.4.3 Convolution of Two Functions

The structure of a molecular or a liquid crystal is a result of convolution of two
density functions, the density of a group of atoms in a molecule and periodic density
function of a lattice. Let us look at the convolution procedure. By definition, the
convolution of two functions f;(x) and f>(x) is given by the expression

0(x) = fi(x) falx) = Jfl ()falx — 2)d’ (5.30)

Here, the asterisk means the convolution operation. Such a convolution gives
distribution of one function over a law given by the other. For example, on the
top of Fig. 5.13 there are two functions of the same variable x, function f;(x) and
function f>(x)=08(x — a) located at different positions on the x-axis. After their
convolution and using [~ _(x)dx = 1, we shall get

T fA()o(x —a—xdY =fi(x —a) T O(x —a—x)ax' =fi(x — a),

a |
1 8(x-a)
) , /N
Fig. 5.13 Convolution a X
operation: function f;(x) b
convoluted with the other ; ;
function d(x—a) occupies the b 1(x-a)
position of the second i /\ —

function on axis x a X
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and function fi(x) is translated into function f;(x — a) keeping the same form, as
seen in the lower plot. If the second function consists of two delta functions, f>(x)=95
(x — a)+ d(x — b), we find our function fi(x) at both new positions, a and b, i. e.
f1(x) will be doubled. An arbitrary smooth function f>(x — x,,) can be represented as
a sum of n columns of different height or, more strictly, an infinite sum of delta-
functions f>(x — x,)=Xa,0(x — x,) (n=00). Then f;(x) will be distributed over the
whole sets of the columns, that is over the law given by the f>(x — x,,) function.

Going back to solid or liquid crystals we can say that the convolution procedure
distributes molecular density over the sites of the crystal lattice. On the left side of
Fig. 5.14, the two functions, the electron density of a molecule p,,.(r) and discrete
points of the lattice density piaice(r) =X(r; — r;j) are shown separately (before
convolution). On the right side we see the result of their convolution. Note that the
convolution operation f;(x)* f>(x) is dramatically different from the multiplication
operation f(x)f>(x). An example is illustrated by Fig. 5.15, in which function f5(x) is
the same pjaice(r) function as in the previous picture and f;(x) is the so called box-
function. The latter is equal to 1 within its contour and 0 outside. The multiplication
selects only few d-functions from the whole lattice. On the contrary, the convolu-
tion translates ppe into new functional space, namely the space of pjagice-

For the future discussion of the liquid crystal structure we need two important
theorems. The first of them, the theorem of convolution is formulated as follows: a
Fourier transform of convolution of two functions f1(x) and f>(x) is a product of their
Fourier transforms F(g)-F»(q):

S('h) = S() - S(h) = Fi(9) - F(q) 5312

Fig. 5.14 Convolution Pmol Plattice convolution  Pror* Plattice
Operation pmol>’< Prattice that
distribute molecular density
Pmol OVer the sites of a crystal
lattice (filled symbols
represent molecules, O is the
reference point, r and r; are
radius-vectors of a molecule
and lattice points, T is vector
of translations)

A 7, VA
000000
Fig. 5.15 A multiplication ° 9‘0 ? oo _ ‘.'O §
operation with a box-function ©0Q 0,00 "~ g0
/1 and function fo=pyayice(T) o000 00 o
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The second one called the theorem of multiplication is an inverse of the first: the
Fourier transform of the product of two functions f;(x) and f>(x) is convolution of
Fourier transforms of each of them F(q)*F,(q):

S(fi - f2) = S(h)"S() = Fi(q) F2(q) (5.31b)

5.4.4 Self-Convolution

Let us make the inverse Fourier transform of the scattering intensity (5.23) and use
the properties of the Fourier integral:

3 F(@) P (@) = plr) pl-1) = [ plwlplr +uldu =Pr) (532

As a result, we obtain the convolution of the density function p(r) with the same
function inverted with respect of the origin of the reference frame p(—r). Note that
the minus sign appears due to different signs in the exponents for two complex
conjugates in (5.28). The P(r) function is known as density autocorrelation function
or the Paterson function when used in structural analysis. Thus, we may write the
inverse and direct Fourier transforms as follows:

P(r) = Jl(q)e’iqrdq (5.33)
and
I(q) = JP(r)eiqrdV (5.34)

It means that the scattering (or diffraction) intensity and the autocorrelation
function are reciprocal Fourier transforms similar to the reciprocal transforms of
scattering amplitude F(q) and density p(r). It should be noted that in statistical
physics one widely uses the density correlation function G(r) mentioned earlier
(5.26) that is related to the structure factor S(q) exactly as the Paterson function is
related to intensity of scattering /(q). Below we prefer to use G(r).

Resuming this section, remember that there are two approaches to calculate the
scattering intensity /(q):
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1. To make a Fourier transform of density p(r), in order to find the scattering field
amplitude F(q) = [ p(r)expi(qr)dV and then to make a product /(q) =
F(q) F*(q). v

2. To make a Fourier transform directly of density correlation function G(r), and
obtain intensity structure factor S(q) that, according to Eq. 5.25 is normalized
intensity /(q):.

=— 5.35
NF ]%orm ( )
Further on we shall follow the first approach for discussion of crystals and the
second one for discussion of liquids and liquid crystals.

5.5 X-Ray Diffraction by Crystals

We begin this section with an example of the X-ray diffraction on the nematic,
smectic A and crystalline smectic B phases. In Fig. 5.16 there is a series of X-ray
photos of the same mesogenic compound at different temperatures. In this experi-
ment, the material flow induced by the electric current aligns molecular axes in the
nematic phase parallel to the field direction, which is horizontal, but in the SmA
phase parallel to the smectic layers. Correspondingly diffraction patterns of the
nematic and smectic phase considerably differ from each other. In the crystalline
SmB,; phase the picture shows the six-fold rotation axis perpendicular to the figure
plane. Below we shall discuss such pictures in detail, but let us begin with solid
crystals.

Electric field

Nematic Smectic A Smectic B

Fig. 5.16 X-ray diffractograms of p-anisalamino-cinnamic acid in different phases, nematic,
smectic A and crystalline smectic B,
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5.5.1 Density Function and Structure Factor for Crystals

5.5.1.1 Density Function

In crystals this function has three-dimensional periodicity. For simplicity, here we
only consider the one-dimensional projection of the three-dimensional crystal. In
this case, the density function with period a is very simple

p(‘x) :p0+zpmcosmq0xa 40 :27'[/&7

m

As shown in Fig. 5.17a it consists of density maxima with a constant amplitude. The
width of the peaks is governed by the thermal fluctuations of atoms, A = (kT/ B)'2
(B is a compressibility modulus). At room temperature, such fluctuations may be of the
order of 10% of the interatomic distances. At zero temperature the maxima would have
the size of atoms or molecules comprising a crystal.

5.5.1.2 The Structure Factor

According to (5.27) the amplitude of scattering F(q) for our one-dimensional
crystal is given by Fourier transform of density function p(x). Since we have only
the sum of cosine functions there are only discrete harmonics at wavevectors
q = mqo = 2nmja. The structure factor (5.25) is proportional to scattered light
intensity F(q)F*(q) and also consists of harmonics represented by O-functions
situated at the same wavevector values ¢ = 2mm/a and having amplitude p>,:

Slg) = Zp%ﬁ(‘l — mqo) (5.36)
a b
S(g)
2 ~
pu' ~
wr)l 2\\‘“ DWF
| N
2 I:'z' ""--..‘___‘
0 a@ 2a 3a r p;;r

o 4, 2, 3q, 4q, 4

Fig. 5.17 Three-dimensional crystal considered along one direction: density function with equi-
distant maxima blurred by thermal fluctuations (a) and the angular spectrum of the structure factor
(b). The height of the 3-type maxima is given by squared amplitudes of the density harmonics and
is additionally modulated by both the molecular form-factor (MMF) and Debye-Waller factor
(DWF)
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The correspondent X-ray picture consists of a set of narrow discrete equidistant
spots at g = mgq, along the direction of periodicity. The angular spectrum of the
structure factor is shown schematically in Fig. 5.17b. The amplitudes of harmonics
depend mostly on the shape of the density curve and determine a number and
the height of the d-type maxima. The peak amplitudes are weakly modulated
by the molecular form factor (MFF) and additionally by thermal fluctuations
through the factor of Debye-Waller (DWF): for the one-dimensional case
I oc exp(—<u?>>q¢?/3) [1]. Here < u” > is the mean square amplitude of the ther-
mal oscillations of atoms proportional to temperature. Due to the exponential
factor, higher harmonics are much more sensitive to temperature and strongly
decrease Bragg diffraction intensity (but not the peak sharpness) with increasing
temperature.

5.5.2 A Crystal of a Finite Size

This case is important for thin crystalline films. At first, let us look at the simplest
infinite one-dimensional model of the crystal structure, Fig. 5.18, having only zero
and first harmonic of density,

p(x) = po + py cos(2nx/a).

The direct Fourier transform of this function is two delta functions with ampli-
tude py and p; located at ¢ = 0 and ¢ = 2n/a. It is shown in the Inset to Fig. 5.18.
Disregarding the zero Fourier harmonic the corresponding intensity of scattering
for the infinite one-dimensional crystal is:

1(q) = F(q)F*(q) = p1d(q — 2n/a).

A finite one-dimensional crystal is an analogue of a wave packet confined
between — A/2 and A/2 points, shown in Fig. 5.18. Its scattering amplitude

A)2
F(q) = J P, - cos(2nx/a) - exp(igqx)dx (5.37)
—A/2

p Pol

27 P
Fig. 5.18 Sine (or cosine) q=2nla g
form density function for an | Po
infinite sample showing the 2p1 1] ‘
density wave components ‘ a !
po and p; (main plot) and its A2 0 A2

angular spectrum (inset) 0 X
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Within these limits, direct integrating is difficult. However, the scattering ampli-
tude may be found using the convolution theorem (Eq. 5.31a). The integral may be
presented as a convolution f;(x)*f> (x) where f;=p; (like in case of parallelepiped)
and f> = cos(2mx/a). Applying the convolution theorem we obtain the scattering
amplitude from the two amplitudes found earlier, see Eqs. 5.29 and 5.36 form = 1:

Flg) = ST (0).0)] = Fr(q)F2(q) = plA% 5(g o)

We have again found the scattering field amplitude in the form of sine integral.
The correspondent intensity spectrum is similar to that for the parallelepiped, see
Fig. 5.11b,

_ a2 zsmz[A(Cl—QO)/z]

= *(q) = A%p? 5.38
I(q) = F(q)F"(q) =A%p A — a2 (5.38)

However, there is a shift of the entire parallelepiped diffraction spectrum by gq
on the wavevector scale; the curve for a parallelepiped without density modulation
is centered at ¢ = 0 whereas the curve for the modulated structure is centered at
q = qo- Such a shifted angular spectrum of diffraction intensity is very similar to
that observed on the freely suspended films of smectic A liquid crystals. It allows
the determination of both the smectic layer period and the film thickness.

5.6 Structure of the Isotropic and Nematic Phase

5.6.1 Isotropic Liquid

This is the other extreme case with respect to crystals. The density correlation
function G(r) is spherically symmetric decaying function. It is very instructive to
find, at first, the structure factor (5.26) for any function of the spherical symmetry.
We should use spherical frame with volume element dV = r*sinddpdddr:

2n 7 50
S(q) = J d¢ J sin 90 J G(r)e* 2 dr
0 0 0

Since qr = grcos’=t we substitute sind/dy by —dt/qr and get

qr

o0 ' 2 [o¢] .
S(q) =2=n J G(r)dr J ' dt = 4r J G(r)r2M
0 0

qr

dr
’
—qr q
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Now, we may use the simplest density correlation function for an isotropic
unstructured liquid in the form G(r) = p?r~'e™ where k = £ ' is an inverse
value of the correlation length & comparable with molecular size [5]. Then, using
Euler formula and integrating over r-coordinate we find the structure factor of a
liquid without any short-range structure:

o0
2mp? ol i - 2mp? 1 1
S((]) _ 7'Ep J-e—m (elqr _ €7lql)d}’ — 7'Cp ( - : )
iq iq \k—iqg x+Iiq)
0
4 p?
= e (5.392)

The structure factor and intensity of scattering (5.25) have a spherically sym-
metric Lorentzian form centered at the zero wavevector g. = 0. The full width on
the half a maximum (FWHM) is equal to 2xk=2/E.

In real liquids there is a short-range positional order because each particular
molecule has nearest neighbors forming few so-called coordination spheres. There-
fore, each selected molecule “feels” its nearest neighbors and the G-function
oscillates. For simplicity, we can take only the first harmonic of density oscillation
and write the density correlation function as follows:

G(r) = pj + pir'exp(—r/&) cos 2nr /a (5.39b)

This equation shows that positional correlations described by the cosine multi-
plier exponentially decay at a distance &, as shown in Fig. 5.19a. The scattering field
intensity of a liquid can be found from (5.39b) and (5.35) with the help of the
convolution theorem given by Eq. 5.31:

r r

1(q) = S[G(r)] = p} Jexp(iqr)dr + p? Jr‘l exp(—r/¢&) cos(2nr/a) exp(igr)dr
0 0
= p20(0) + P[S(r~te /%) S(cos 277 /)

Fig. 5.19 Isotropic phase. Pair density correlation function (a) and the corresponding structure
factor (b)
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The first term for ¢ = 0 is not interesting (py can be found by other techniques,
e.g. by dilatometry). The product term with p.> is a result of the convolution
theorem and we already have the two Fourier transforms mentioned, namely, the
structure factor of unstructured liquid, that is Lorentzian (5.39a) and the structure
factor of a crystal that is delta-functions, Eq. 5.36:

4mp?
lg — qof* + &7

4mp?

I(g) x S(qg) x ———
(q) o< S(q) 212

x0(q —2n/a) = (5.40)

Thus, the structure factor of the liquid with a short-range periodicity is the two
Lorentzians centered at ¢ = g, =2n/a and g = —qo, Fig. 5.19b. Their positions are
a measure of the molecular size a and their widths are a measure of the characteris-
tic distance & for the short range molecular correlations. The total intensity of
scattering for positive ¢ is shown in Fig. 5.20a. Note that the curve for the total
intensity is slightly asymmetric because this function is a product of the form factor
and the structure factor according to Eq. 5.25.

An experimental X-ray pattern for a liquid looks like that shown in Fig. 5.20b.
The spot centered at ¢ = 0 is very strong and usually screened deliberately off.
What is of importance is a diffused ring located at scattering vector ¢ (or scattering
angle 1) given by equation

21 4msinddg A
= =——"e., a= .
0= A ’ 2sin Yy

Therefore, the average molecular size a can be found from the angle .

5.6.2 Nematic Phase

The density correlation function for nematics has the same liquid-like form, but
anisotropic, namely, cylindrically symmetric. Along the two principal directions,

a b

mieridian

exuion

Fig. 5.20 Isotropic phase. Angular dependence of structure factor (SF), molecular form factor (FF)
and total intensity of scattering (a) and a typical pattern of scattering observed in experiment (b)
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parallel and perpendicular to the director n = n,, the correlation lengths &, and
& L are different for the x and y directions:

Go(ri)ocri exp(—ry /&) cos qiry

in the z-direction:
G)|(z) o< 27" exp(—z/¢&))) cos gz

In the simplest approximation, functions G, (r,) and G, (z) determine the
structure factor. The form-factor contributes to diffraction pattern negligibly for
small rod-like molecules comprising typical thermotropic nematics but may be
important for biological materials.

An X-ray pattern for a typical nematic with rod-like molecules taken with the
help of a photographic film is presented in Fig. 5.21a [6]. The molecules are
oriented vertically. Along the vertical, two spots are seen at small angles; they
correspond to small wavevector ¢, = 2n/a,. From this angle of diffraction one can
find a; (length of a rod-like molecule). Along the equator (horizontal line) the spots
are separated by larger distance, g, =2n/a, > ¢,. The ¢, position gives us diameter
of a molecule. Usually ay/a, =~ 4-5. Thus two molecular dimensions and two
correlation lengths can be found [7].

The equatorial spots are extended in the vertical direction and have the form
of arcs: the intensity decreases with increasing ¥-angle as shown in Fig. 5.21b.
This is a result of a non-ideal orientational order: the higher the order parameter
S, the shorter the arcs. From the diffractogram one can find the distribution of
intensity and calculate S [7]. In some cases, even the orientational distribution
function for molecules f(#}) can be calculated from experimental data as sche-
matically shown in Fig. 5.22. Generally, the shape of the function is determined
by different Legendre polynomials P,(cost), P4(cosd), etc. (see Section 3.3)
and, in principle, different order parameters P,, P, etc. can be found from
experiment.

Fig. 5.21 Nematic phase. Typical photo [6] of a diffraction pattern for a nematic liquid crystal
with the director aligned vertically (a) and the scheme explaining this pattern (b)
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Fig. 5.22 Qualitative picture
of the orientational 1
distribution function
calculated from the angular
dependence of the diffracted
intensity along the arc
depicted in Fig. 5.22b

function f(0)

1
0 /6 /3 /2
Diffraction angle 6

5.7 Diffraction by Smectic Phases

5.7.1 Smectic A

Smectic A is a one-dimensional crystal and, at the same time, a two-dimensional
liquid. What kind of a diffraction pattern should it have? A naive expectation for a
thick (or infinite) sample of the smectic A phase is as follows. If we have a one
dimensional density wave in the z-direction p = p, cos(2nz/a) + ... and neglect
higher order terms, the intensity along the z-axis ought to be a single Bragg peak in
the form of the delta function located at ¢ = 2m/a as shown in the Inset to Fig. 5.18.
Note that an additional peak related to the p, term is always situated at ¢ = 0. For
the directions x and y perpendicular to the director there should be no difference
between the density correlation functions for smectic A and nematic phases.
Indeed, the naive expectation is correct for the x and y directions; we do have in
smectic A liquid like correlations G(x,y)ocexp(—r,/E ) and the Lorentzian struc-
ture factor, as in Fig. 5.19.

However, in experiment [8], instead of the delta-function form of the intensity
peaks along the z-direction 6(q) — qo), quasi-Bragg singularities have been
observed with the tails described by a power-law as shown in Fig. 5.23a,

1(q) o (q) — q0) ™" (5.41a)

with small n~0.1, depending on temperature. Such a structure factor may be
understood if the density correlation function is not a constant but obeys a power
law of the type [8, 9]:

G(z) x z7" (5.41b)

Thus, instead of the true long-range order we have a quasi-long-range order with
the density correlation function (5.41b) qualitatively shown in Fig. 5.23b.

But what is a physical sense of parameter n? The answer is given by a theorem
related to a more general question, whether true one- or two- dimensional crystals
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I(q)

2n/a q

Fig. 5.23 Diffraction intensity (a) and density correlation function (b) for the smectic A phase
with a positional, quasi-long range, molecular order along the symmetry axis

exist in Nature at all, for example, stable one-dimensional smectic A or two-
dimensional discotic liquid crystals. Now we encounter a new type of order,
known earlier only theoretically.

5.7.2 Landau-Peierls Instability

We know that, at a finite temperature, the position of atoms or molecules in a crystal
(or liquid crystal) fluctuate that is density p(r) is a fluctuating value. With increas-
ing size of a crystalline sample or a distance with respect to a reference point, the
mean square displacement of atoms due to thermal fluctuations is growing. The
question to be answered is whether the crystalline structure is stable for the infinite
sample. Landau and Peierls [5] have found that the answer depends on dimension-
ality of crystals.

5.7.2.1 Displacement and Free Energy

Let u(x, y, z) is a vector of displacement of a small piece of a three-dimensional
crystal at its position x, y, z. A characteristic linear size of the piece is L. Our task is
to find an expression for the mean square value < u*(r) > of the displacement
[10]. We begin with the Fourier transform of u(x, y, z). Now each harmonic of
displacement has its amplitude u [cm] and wavevector q [em™1]:

u(r) =) ugexp(iqr) (5.42)
q

Here, the components of wavevector q acquire both positive and negative values
u_q =u, in the range of L' <lgl < a ' where a is a lattice constant. We are

interested in the additional free energy term OF originated from the displacement:

_1 u(r) ? 3.
|4
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Here, for simplicity, we use a scalar displacement u and a single elasticity
coefficient C; for a three-dimensional crystal without anisotropy. C; has an order
of magnitude 10'°-10"" erg/cm?® (or 10°~10"° J/m?). Note that 8F cannot depend on
displacement explicitly since any vector u = const corresponds to a shift of the
whole crystal and 8F = 0. Linear terms 0u/0x, etc. do not contribute to 8F because
OF has minimum at u = 0. Therefore, for small displacements, like in the Hooke
law, only terms quadratic with respect to the first derivatives are important. Now,
using (5.42) we find the Fourier expansion of derivatives

81,{ . iqr
5o =2 (ig)e g

q

and insert them into Eq. 5.43 to obtain the expansion of the free energy

OF =33 ) Cattgitq (—1)ad Je[<q+“/>rd3r.
q Jq

Vv

Note that uqutq = uqiq" = |ug|* and the integral [ e @+9r@3r = V5. . For q
= —(q’ the Kronecker symbol 8;; =1 and the integral e(‘l/uals the crystal volume V; for
q #-q' the symbol &;; =0 and the integral vanishes. Hence,

OF =Gy Zq2|uq|2 = Z(SFq.
q q

From this equation and the equipartition theorem (0Fq) = kgT/2 we find the
Fourier component of the mean square displacement (in q-space):

o kT
=2 5.44
(') = 6. (5.44)

For the mean square displacement in the r-space

2 _ u 2 :L u 2\ 13
) = 3 ol = 1 J<\ g

Here the summation is substituted by integration over the volume in the g-space
and (2m)? is a factor that relates the volumes in g- and r-spaces in three dimensions.
More generally, (2m)° is a factor for any space of D dimension: in the one
dimensional space (D = 1), the reciprocal lattice vector length is ¢ = (2n)/a, for
D = 2 the reciprocal lattice area is g,q, = (2n)2/ab, etc.

Finally, using Eq. 5.44, we can write the value of the mean square displacement
in the three dimensional r-space (d°q = 4mg°dq is a volume of a spherical layer in
the g-space):
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Gmax
kgT &3 kT one ksT (1 1
(2(r)) = < J q_ ks 2/_3(

a4 _ S o) =const (545
(27[)3C3 q2 27-52C |27‘E/L 7TC3 L) cons ( )
ql“ln

For a space of dimensionality D, we obtain a more general expression:

Gmax
kBT ddq
2

en)Pcy ) oq

4min

(u*(r)) = (5.46)

Now, elastic coefficients C;, have different dimensions, particularly [erg-cm ]
for D = 2 and [erg-cm '] for D = 1.

5.7.2.2 Stability of Crystallographic Lattices of Different Dimensionality

Let us come back to the three dimensional crystal and Eq. 5.45. When crystal size L
increases to infinity (i.e. approaches the so-called thermodynamic limit), then

kgT
(u*(r)) — BT = const
nCa

and the mean square value of displacement remains independent of the crystal size.
From this equation, with kzT ~ 4 x 10~ erg and @ ~ 10~7 cm (molecular crystal)
we have small displacements of the other of u ~ 10~ c¢m (0.1 A). The crystalline
order does not blurred, i.e., remains true long-range order.

A two-dimensional crystal (D = 2) is nothing more than a single atomic or
molecular monolayer. The latter may be prepared from graphene or in the form of a
Langmuir film floating on water. For such a monolayer, d >q = 2mgdg is an area of
a ring with circumference 2ng and width dg and Eq. 5.46 takes the form:

(w(r)) =

qmax
ksT JdiqikBT pefa _ kyT

= = 1 5.47
2nC, g 2nC, 'L 2nC, (547)
Gmin

For L—oo, this integral diverges with its area logarithmically, that is very
slowly. Such a film has quasi-long-range order.

A one-dimensional crystal (D = 1) is a single chain of atoms or molecules
without any interaction with its surrounding. Eq. 5.46 reads:

Gma

ks T ]“dq_ ksT

2nCy ) ¢ 2nCy

Gmin

ke T
(—g MM =21 (5.48)

<u2(r)> = /L~ 420,
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For L—oo the mean square displacement grows linearly with the chain length
and only the short-range order may exist.

Recall that the smectic A phase is a three-dimensional phase which is simulta-
neously one-dimensional crystal in the direction along the layer normal and two-
dimensional liquid in the layer plane. So, the Eq. 5.46 cannot be applied to this
strongly anisotropic system. We shall consider this problem in detail after discussion
of anisotropic elastic properties of SmA in Chapter 8. Now we only mention that, in
comparison to the linearly divergent order of a one-dimensional chain given by
Eq. 548, the two- dimensional (x,y) liquid structure of smectic layers strongly
stabilizes the fluctuations along the smectic layer normal (z). As a result, the diver-
gence of fluctuations with a distance follows the logarithmic law with increasing size
of the SmA in the z-direction L, and the order become quasi-long-range. It is the order
that results in the power law seen in Fig. 5.23b. Correspondingly, the power index m
in Eq. 5.41 can be expressed in terms of SmA interlayer distance / or gy =2n// and
elastic moduli for layers compressibility B and director distortion K [11].

n ~ qeksT /87 (KB)"? (5.49)

The estimates result in the values of n of the order of 0.1-0.5.

5.7.3 “Bond” Orientational Order in a Single Smectic Layer
and Hexatic Phase

Imagine that we have a film only one molecule thick (a smectic monolayer with or
without tilt of molecules). In such a single layer, the nematic orientational order is
not discussed although some orientational order (or disorder) of long molecular
axes may be important. We are interested in a new type of quasi-long-range order
not forbidden by the Landau-Peierls theorem for the two-dimensional systems,
Eq. 5.47. A monolayer can be liquid-like i.e. its translational order is absent and
molecules may be situated chaotically at any place in the layer plane. Liquid-like
order means that not only the distances between molecules are not fixed but also no
correlation exists in their angular positions. However, at a reduced temperature the
full translational symmetry within the layer plane is broken only partially and the
true positional order is not installed. The new order describes the positions of
molecular gravity centers along the connecting lines or “bonds” (not to be confused
with chemical bonds). However, the distances between the molecules are not fixed.
For example, in Fig. 5.24 all the molecules in the neighbour areas 1 and 2 sit in the
points of hexagonal lattice but, at some distance from the reference area 1, the
positions of molecules in area 3 do not coincide with the lattice cross-points.
Nevertheless lattice vectors a and b still look along the grid lines and keep the
hexagonal order.
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Fig. 5.24 Schematic picture ANIA

of molecular ordering in a /\/\4/7\
single smectic layer with

liquid-like short range NANINEL

positional order and quasi- /\A/\A/\ < 3

long range hexatic order 1 \/ /

Table 5.1 In-plane order parameters and correlations for two dimensional single layers

Order/layer type Liquid layer Hexatic layer Crystal layer
Positional order Liquid-like Liquid like Quasi-long range
Positional correlations exp(—r/€) exp(—r/€) 1

“Bond” orientation order Liquid-like Quasi-long range Long range
“Bond” correlations <{ynj> exp(—r/€) 7 Const

A two-dimensional phase with a bond orientation order is called hexatic phase
[12, 13]. It has six-fold symmetry D¢y, and a new, two-component order parameter

Y = Wyexpi6o(r) (5.50)

where @(r) is the angle a local “bond” vector forms with a reference system. It is a
phase with a new order parameter and Wy is its amplitude. The mean square
displacements < (8¢)* > logarithmically decay with a distance from a reference
point following Eq. 5.47 although with a special, “bond” elastic modulus K,,,,,;. The
density correlation function follows the power law decay Gy (r) oc r™* due to
fluctuations in the “bond” angle. The temperature dependent amplitude ¥, of the
two-component order parameter V' takes the values between 0 and 1. Note the
analogy with the two-component order parameter of the smectic C phase, although
the symmetry of the two phases is different.

Depending on a material, single smectic monolayers can exist in two different
modifications, liquid-like and hexatic like. Properties of these monolayers are
shown in Table 5.1. Upon melting, a two-dimensional hexatic layer undergoes
the transition into the liquid-like layer. It is spectacular that hexatic layers like
liquid layers do not support the in-plane shear [14]. The layer can be sheared by as
small force (stress) as is wished.

5.7.4 Three-Dimensional Smectic Phases

5.7.4.1 Uniaxial Orthogonal

In three dimensions the situation is different, because there are interactions between
the layers that may stabilize more ordered phases. Now the in-plane ordering and
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the ordering along the layer normal in the three-dimensional, uniaxial, orthogonal
(without tilt) smectic phase should be discussed separately. The in-plane structural
characteristics of the smectic A phase and smectic By, hexatic phase are presented
in Table 5.2. Note that, in the three-dimensional hexatic phase, the quasi-long-range
hexatic order inherent to a single monolayer is substituted by the true long-range
hexatic order with constant correlation function Gy(r,). As to the out-of-plane
positional order in the hexatic phase, it is quasi-long-range with power law correla-
tions <p,p, > of the z~" type [14]. The same table is illustrated by Fig. 5.25. It is
seen how a continuous, blurred diffraction ring typical of the smectic A phase is
substituted by a six-spot diffraction pattern for the hexatic By, and then by a six-
point pattern for smectic B, (crystalline) phase. An example of the experimental
X-ray diffraction pattern for a thick layers of the smectic A and B, phases was
illustrated by Fig. 5.16.

On the other hand, the experiments with very thin free-suspended films of
smectics show that the crystalline order in certain substances with weak interlayer
interactions may exist only in the surface layers [11]. In thick films the smectic
layers are mostly liquid. However, within the same thin film one may observe the
layer-by-layer crystallization. For example, the entire sequence of phase transitions
SmA-SmBy,..-SmBy; is shifted downward as one advances into the bulk from the

Table 5.2 Order parameters and density correlations for three-dimensional smectic A, hexatic
Biex and crystalline B,

Order/uniaxial phase SmA Hexatic-Byex Crystalline-B,
In-plane positional order liquid-like Liquid like Long-range
In-plane positional correlations exp(—r/&) exp(—r/&) const
In-plane “bond” orientation order exp(—r/€) Long range Long range
In-plane “bond” order correlations exp(—r/€) const const
Interlayer positional order Quasi-long range Quasi-long range Long range
Interlayer positional correlations z " z " const
a b c
AT | & [T
\ \ ] anra
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4y q}' 1y

Fig. 5.25 Comparison of in-plane the diffraction patterns for the smectic A (a), smectic Byex (b)
and smectic B, (¢) phase. Below are qualitative dependencies of scattering intensity on the
diffraction angle for the three phases
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first (surface) layer to the second, third, etc. layers of the same film. It means that, in
the bulk, the liquid-like phase is more stable that the crystalline one and the surface
forces are very important.

5.7.4.2 Biaxial Orthogonal

In biaxial orthogonal smectics the symmetry is further reduced. For example, the
group theory predicts phase transitions from smectic A (symmetry D,y,) into
smectic A, with symmetry Csy, that is a biaxial SmA phase with a hindered rotation
of molecules about their longitudinal axes. It is also possible a transition from SmB
into an exotic SmB, phase with symmetry Ds;, due to specific distribution of
positive and negative electric charges alternating along the perimeter of the hexag-
onal elementary cell [15]. Such a phase has not been reported yet.

On cooling, the smectic By, phase (symmetry Dg,) can transit into smectic E
(SmE) with herringbone packing and point group symmetry C,y,. It is shown in
Fig. 5.26 together with a sketch of the characteristic X-ray diffractogram. In fact,
SmE is true crystalline phase.

5.7.4.3 Biaxial Tilted

When molecular axes (director) are tilted by some angle with respect to the smectic
normal we have the remarkable correspondence between the tilted and orthogonal
phases: SmC — SmA (both have liquid layer structure); SmF — SmBy,. (hexatic
layer structure); SmH — SmB,,y (crystalline layer structure).

As an example, consider the X-ray diffraction by the smectic C phase of p-di-
heptyloxyazoxybenzene [16]. Since always there is a possibility to align the
director by a magnetic field along a certain, well defined direction (e.g., vertical
as in Fig. 5.27) we expect that the diffraction pattern from the layered structure will
also be tilted through the same angle with respect to the vertical. However, as a rule,

e o8 i L] ’ql

Fig. 5.26 Smectic E phase. The herringbone structure (a) and corresponding diffraction pattern
(b) for two different directions of scattering, parallel (¢,) and perpendicular (¢, ) to the director. As
an example, the two Miller indices are shown only for ¢. They mark Bragg reflections of the first
and second orders from the horizontal crystallographic planes



References 109

Fig. 5.27 Smectic C phase in the magnetic film along the vertical direction, Hlln. Typical
diffractogram (a) and its scheme (b) showing the four-point picture of reflections from the smectic
layers and blurred nematic-like arcs corresponding to sketch (¢) of the uniform director alignment
with broken smectic layers [16]

the layers are broken and acquire a tilt in two opposite directions as shown in sketch
Fig. 5.27c. Therefore, the diffraction pattern becomes symmetric (degenerate) with
respect to the vertical and, instead a pair of the first order spots, we see four spots on
photo (Fig. 5.27a). It is a so-called four-point pattern. The molecular tilt angle v) can
be found as shown in Fig. 5.27b. The broad arcs at the equatorial (horizontal) line
are due to orientational (nematic) order.
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Chapter 6
Phase Transitions

Liquid crystals manifest a number of transitions between different phases upon
variation of temperature, pressure or a content of various compounds in a mixture.
All the transitions are divided into two groups, namely, first and second order
transitions both accompanied by interesting pre-transitional phenomena and usually
described by the Landau (phenomenological) theory or molecular-statistical
approach. In this chapter we are going to consider the most important phase transi-
tions between isotropic, nematic, smectic A and C phases. The phase transitions in
ferroelectric liquid crystals are discussed in Chapter 13.

6.1 Landau Approach

In Fig. 6.1 we have an example of the experimental phase diagram for homologues
of 4-ethoxybenzene-4’-amino-n-alkyl a-methyl cinnamates [1]. We see that, with
increasing length of the alkyl chain, the temperature range of the nematic phase
between the isotropic and smectic A phase becomes narrower. This range is limited
by solid lines corresponding to the phase transitions between different phases. How
to explain this diagram? We may begin with the molecular properties and intermo-
lecular interaction and try to calculate the temperature range of stability of a
particular phase, the values of the order parameters and thermodynamic functions
such as free energy and others. This approach will be discussed in the end of this
chapter. Another approach is based on phenomenological description of the phase
transitions and called Landau theory of phase transitions. The key issue is the
symmetry of the phases and corresponding order parameters related to a particular
transition. Such an approach appeared to be very powerful and relatively simple.

Imagine a series of transitions between phases of different symmetry, as shown
in Fig. 6.2, for instance, with decreasing temperature. Our task is to select one of
these transitions, find the temperature behaviour of the order parameter and other
thermodynamic functions close to the phase transition [2]. To this effect, we should
make the following steps.

L.M. Blinov, Structure and Properties of Liquid Crystals, 111
DOI 10.1007/978-90-481-8829-1_6, © Springer Science+Business Media B.V. 2011
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Fig. 6.1 An example of the T
experimental phase diagram L
for a homological series of

cinnamate derivatives. The

scale of the abscissa means a 120
number of alkyl chains in the

tail of a particular molecule.

The lines show the location of

phase transition temperatures

EOBAAMC

Iso

100F T, |

alkyl chain length

ngh PT1 Low PT2 Even Next
symmetry symmetry lower PT
phase, phase, symmetry
n=0 — 5 | n=0, — | phase, —
n,=0 n;#0,
1,#0

Fig 6.2 Sequence of the phase transitions with decreasing temperature and lowering the phase
symmetry. A new order parameter m;, 1M, etc. is introduced for each new phase with lower
symmetry

1. From symmetry consideration we should choose a proper order parameter for
the lower symmetry phase (on account of molecular distribution functions).

2. Using smallness of the chosen parameter we expand the free energy density in
powers of this parameter, with only the first term temperature dependent.

3. The thermodynamic behaviour of the order parameter in the low symmetry
phase is found by a minimization procedure for free energy density.

4. With the order parameter found the free energy may be written explicitly.

5. Other thermodynamic functions are found from the temperature behaviour of the
free energy.

As to free energy, below we shall use the Helmholtz free energy F = U — TS
(U, S and T are total energy, entropy and temperature, respectively) that is more
appropriate for discussion of the systems in terms of temperature and volume V
(or density p) at constant pressure p. In a more general case, the thermodynamic
potential (or Gibbs free energy) ® = F 4+ pV appears to be more suitable for an
expansion, e.g. when varying pressure p.
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Fig. 6.3 Disorder—order High-T phase Low-T phase
transition in Cu—Au alloy.

In the low temperature, low
symmetry phase, the atom of
gold is more often occupies
the central position in the
cubic lattice

Consider, as an example, a disorder-order transition in Cu-Au (8:1) alloy. In this
case, we can choose the simplest (scalar) order parameter 1, which is a normalized
difference between probabilities to find either gold or copper atoms in the center of
the cubic cell, see Fig. 6.3. In the higher temperature (and higher symmetry) phase
an atom of gold has equal probability to be at any lattice site included the central
one (but not between the sites), and order parameter n = 0. In the ideally ordered,
zero-temperature phase, an Au atom is always in the central position and n = 1.
Generally, in the low-temperature phase, the central position is more often popu-
lated by a gold atom than by a particular copper atom and 0 < n < 1.

Neglecting the mass density change at the transition, the Landau expansion for
the free energy density is

1 1 1
g(T,m) = g(T,0) +An + QA(T)n2 - an3 - ch4 SR (6.1)

Here g(T, 0) is free energy of the high-temperature phase and the fractional form
of (1/2), (1/3), etc. coefficients is adopted for convenience. In equilibrium, function
g(T, n) must have a minimum value, therefore at any temperature:

ag a’

Thus, derivative of (6.1) is
A+ATM+Bn?+Cn+-- =0

From here we conclude that coefficient A in the expansion must be zero;
otherwise, the non-zero derivative of free energy dg(T, n = 0)/dn = A would be
present also in the high symmetry phase. However, the presence of such an
additional constant term in the high symmetry phase would smooth its own energy
minimum what is senseless.

As to the “leading” coefficient A(T) in Eq. 6.1, in the high symmetry phase, it
must be positive to provide a minimum of free energy at n = 0. On the other hand, it
must be negative to provide a minimum of the free energy density in the low
symmetry phase at a finite value of order parameter n # 0, Fig. 6.4a. Thus, in
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Fig. 6.4 The forms of the
free energy density in the high
symmetry (A > 0) and low
symmetry (A < 0) phases

(a) and the temperature
dependence of the first term in
the Landau expansion (b)

general case, when not only temperature is varied but pressure p, composition X,
etc., the coefficient A(T, p, X..) should change sign at the phase transition. There-
fore, for a transition at temperature T = T, we can make an expansion of coeffi-
cient A in a Taylor series over temperature (for p, X = const close to T,.) and write

. dA
A=a(T—-T,) with a:d7T(>0

as sketched in Fig. 6.4b.
Now the excess of the free energy density acquired by the low symmetry phase
at the transition is

1 1 1
Ag = g(T,m) — g(T,0) = Ea(r —T)m? — §Bn3 + ch“ 4 (6.2)

Here the minus sign at the B-term is taken for convenience. The thermodynamic
stability condition reads:

dA

This equation has three roots: n = 0 for the high-symmetry phase and

B+ [B? — 4aC(T — T,)]'?
2C

n= (6.4)

for the low symmetry phase. Therefore, the correct temperature dependence of
the order parameter is found using only symmetry arguments! Note that coefficients
a, B and C are independent of temperature, although their physical sense (molecular
nature) is unknown. They may only be found experimentally or using some
microscopic molecular models.

Consider a particular case of B = 0. Then in the low symmetry phase,

~Ja(T.—1)]"?
n= j:[c] (6.5)
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Thus, if the cubic term is absent in the expansion, the system becomes insensitive to
the sign of the order parameter. Moreover, the parameter must change continuously at
the phase transition from zero to a finite value. Such a n = 41 symmetry corresponds
to second order transition (a case of the N-SmA or SmA-SmC transitions). At second
order transitions the symmetry changes abruptly but thermodynamic functions change
continuously (only their temperature derivatives may change stepwise).

When B # 0 the two non-zero roots are different, there is no longer n = +1
symmetry; the order parameter and other thermodynamic functions change discon-
tinuously. This situation corresponds to first order transition (a case of the Iso-N
transition). There is, however, a possibility to discuss the first order transition even
for B = 0 when the order parameter is symmetric: to this effect we should put
C < 0, ignore the fifth order term (D = 0) and add a sixth order term. Then we have
the Landau expansion of the following type:

1 1 1
Ag=5a(lT —=Tom® = 7Cn* 2 En’ + - - (6.6)

This biquadratic equation also describes discontinuity of thermodynamic proper-
ties at temperature T,.. We shall discuss such a case later.

6.2 Isotropic Liquid—-Nematic Transition

6.2.1 Landau-De Gennes Equation

What is known from experiments on this transition?

1. There is only a small jump of density at transition temperature Ty, about 0.3%.
Therefore, the density can approximately be considered constant at both sides of
the transition; the pressure is also considered constant.

2. The order parameter is not symmetric, its magnitudes S,.x = +1, Spin = —1/2.
This asymmetry generates the cubic term, coefficient B must be finite, and the
first order transition is expected.

3. The tensor form of the order parameter should be taken into account, in the
simplest case, the uniaxial one [3, 4]:

Qup = S(nap — 1/38.p) 6.7)

With that order parameter, the Landau-de Gennes expansion of free energy
reads:

1 1 1
8N = 8Iso t+ EAQO(BQBSL - gBQaBQBgan + ZC(QSLﬁQﬁO()z A= a(T - Tc*) (6.8)
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Here T.* is virtual second order transition temperature. In real substances it is
slightly below Ty;. Coefficients B and C are independent of 7. Now we choose a
proper coordinate system wherein matrices Qg in Eq. 6.8 become diagonal. Then
we contract indices (reduce tensor valence) by multiplying the diagonal elements
and writing the traces QyQp, = (2/3)S” and QypQp,0.o = (2/9)S°. Then, we have
equations for the excess of the normalized free energy density (in units [erg/cm’] or
[J/m3] in the SI system) [5, 6]:

8N 8Iso 1 $\ o2 2 3 1 4
Ag="—=>==—a(T —T. ——BS +=-C .
g T 3a( )S 77 S 9 S (6.9)

and stability equation:

dAg

1 2
=a(T —T.))S —=BS*> +=CS> = .1
< a( S 3 S +3CS 0 (6.10)

6.2.2 Temperature Dependence of the Nematic
Order Parameter

Equation 6.10 has three solutions: S = 0 for the isotropic phase and

B 24aC(T — T.*)]"/?
Si‘w{li{lm} (6.11)

for the nematic phase. First of all, we should establish which sign is correct in
solutions (6.11). It is a bit tricky. We define a certain temperature 7, (not necessar-
ily equal to T.*), at which free energy of the nematic and the isotropic phases are
equal, i.e. Ag in Eq. 6.9 is zero. Assuming T = T, we multiplied Eq. 6.10 by S/3
and subtract it from Eq. 6.9. Then we get

1
9

As seen from Eq. 6.11, only negative sign in front of brackets can give us S. = 0
at T. = T.* that is at the same characteristic temperature. Another solution of
Eq. 6.12, namely, S. = B/3C, if substituted into Eq. 6.11, results in branch S,

1
ﬁBSi =-CS* or $3(CS. —B/3) =0 (6.12)

1 24aC(T — T.*)]"/?

3 B?

with a new characteristic temperature 7. = T.* + B?/27aC. This solution shows a
positive jump of S = B/3C at a temperature T that is higher than the “second order
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transition” temperature 7.*. Hence S, from (6.11) is a more stable solution than S_.
Therefore, we take sign (+) in solution (6.11) of stability equation:

S 1+ 11—

B 24aC(T — Tp*)} ‘/2} 6.13)
- = :

Finally, from (6.13) we find one more critical temperature: T," = T,* + B%/
24aC that is even higher than T, and there is no other real solutions of the stability
equation. Totally, we have now three characteristic temperatures:

T,* (virtual second order transition) < T, = T.* + B*/27aC (Ag = 0) <T." =
T.* + B?/24aC (jump of S).

Within the range of T.* < T." a hysteresis in the order parameter should be
observed upon the heating and cooling scans. Such hysteresis is often observed
under polarization microscope in the form of two-phase textures. If a sample is
placed between crossed polarizers, dark spots of the isotropic phase sharply con-
trasts with bright nematic background (like in Fig. 1.3c) or vice versa. The temper-
ature behaviour of function S(7) is shown in Fig. 6.5a. In the figure:

ST =B/4C(atT. "), S.=B/3C(atT=T,), S*=B/2C(atT =T,*) (6.14)
Hence, the universal ratio S./S* = 2/3 is valid for any expansion up to the fourth

order term and 7.* can be found by plotting S vs temperature. By the way, in
experiment, the phase transition point Ty; is associated with temperature 7.

T°C

Fig. 6.5 (a) Temperature dependence of the order parameter in the Landau-de Gennes model; (B)
and (C) are coefficients of the expansion. Tn; ~ T, is experimental value of the isotropic—nematic
phase transition temperature corresponding to equality of free energy densities for the two phases.
(b) Experimental dependence of the order parameter for SCB and the characteristic temperature
points T.*, T. and T." defined in accordance with the model of panel (a)
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6.2.3 Free Energy

It is instructive to look at the free energy density dependence on the nematic order
parameter, Eq. 6.9, on both sides of the phase transition. To this effect we need
Landau expansion coefficients @, B and C. We may find them, at least, approximately
from the experimental dependence of order parameter on temperature S(T). Let us take
as an example a nematic compound p-pentyl-cyano-biphenyl (5CB). Function S(T)
has been measured earlier by both the optical and nuclear magnetic resonance
techniques [7]. The Landau coefficients may be found from this curve as follows.
Using the values of the order parameter S*, S, and S* expressed in terms of coefficients
B and C, we can mark the corresponding temperatures T*, T, and T* on the experi-
mental plot, as shown in Fig. 6.5b. The highest temperature point of the nematic phase
is T" = 35.3°C where, according to the model, S* = B/4C. In the experimental plot
S = 0.3 and, assuming B = 1, we find C = 0.838. Then, using the difference
between the two characteristic temperatures from the experimental plot (b),

T.—T* = B*/27aC = 33.7°C — 22.7°C = 11°C,

we find @ = 0.004. Now we have all necessary data to plot the normalized free
energy Ag(S). If necessary, the absolute values of free energy may be found by
multiplying the dimensionless Landau coefficient B by the free energy density of
the isotropic phase giso = (pn/Na/M) kg Tn;. (Where kg is Boltzmann constant, Ny,
Avogadro number, M molecular weight, py; the density at the transition tempera-
ture). In our example, M = 249, py; ~ 1 g/cm3, Ty = T.~ 307 Kand gjs, =~ 1 X
10% erg/cm’® or 1 x 107 J/m® in the SI system.

The result of Ag(S) calculation is shown in Fig. 6.6. Considering a cooling
process from the stable isotropic phase we shall better understand the physical
sense of the three critical temperatures. For T > T.* (dot curve 3 in the figure) the
absolute minimum is situated at S = 0 and this corresponds to the stable isotropic
phase. As the temperature approaches T.. from above, in the range of T, < T < T,”,
a second minimum appears above the abscissa axis, which corresponds to the

. 1
3
0.004 - ; |
N 2 |
Fig. 6.6 Normalized free S I
energy of 5CB as a function of 0.002 1 !
order parameter S in the . B ‘ ,'
vicinity of the N-I transition at Ag 0.000 —= N
different temperatures: T.* N I’
(curve 1), T, (curve 2) and T, ~0.002 1 \ . 11
(curve 3). The curves are N /
calculated with dimensionless 5CB N /
Landau expansion coefficients =0.004 1

a=0.004,B =1and
C = 0.838 obtained from the
experimental curve S(T)

-04 -02 00 02 04 06 08 10
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Stable Overcooled Overheated Stable
Nematic
phase phase (metastable) Phase

(metastable)

| |
| |
Isotropic | Nematic | Isotropic
| |
| |
| |

T,* T, T.*

c

Fig. 6.7 Sequence of phase states observed during the up-and-down temperature scan that
manifests a temperature hysteresis near the N—I transition

overheated (metastable) nematic phase with at S > 0. At T = T.. the two minima have
the same zero free energy density (solid line 2), but between them there is a barrier
shown by the arrow. The right minimum for S # 0 corresponds to the stable nematic
state and the left one with § = 0 represents the overcooled (metastable) isotropic state.
Between T, and T.* the two minima coexist. Finally, for T < T.* the left minimum
disappears, the metastable isotropic phase becomes unstable and the nematic state
becomes absolutely stable (dash curve 1 with a deep minimum). Fig. 6.7 illustrates the
sequence of the intermediate phases in the proximity of the NI transition.

6.2.4 Physical Properties in the Vicinity of the N-Iso
Transition

Physical properties of substance close to N-I phase transition may be related to the
parameters of Landau expansion [8]. For example we can calculate an entropy
density change at the transition temperature 7, from Eq. 6.9 and S. = B/3C:

a(gN _glsu) - 1 a32

AT = - _
ar |, 3¢ 210

Correspondingly, the latent heat of the N-Iso transition is

aB?
27C?

As we have seen above, Landau expansion coefficients a, B and C can be found
from the measurements of order parameter S(7) and AH by different techniques,
such as microscopy (for 7,), differential scanning calorimetry (for T, and AH),
refractometry or NMR (for S,).

Two other calculated temperature dependencies are shown in Fig. 6.8 with the
characteristic temperatures discussed above. The excess of the specific heat in the
nematic phase C), = a$ (82S / 8T2) p 1s shown in Fig. 6.8a. The temperature depen-
dence obtained from Eq. 6.13 follows a law C,, (T(,+7T)7” 2 with a step at 7 in
agreement with experiment [8]. With decreasing temperature C, achieves a plateau
equal to ¢*/2C. Another important characteristic is structural susceptibility (not to

AH = AST, = ———T,
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Fig. 6.8 Temperature a
dependencies of heat capacity

(a), and inverse value of

nematic-like structural

susceptibility ' (b) in the Cp
vicinity of N-I phase

transition

be confused with the electric xz or magnetic susceptibility y,,) determining the
development of order parameter fluctuations in the isotropic phase (short-range
order [3]) near the transition to the nematic phase (™' = 9?Ag/9S%. This is a
steepness of the free energy (dot curve 3 in Fig. 6.6) close to its minimum.
Above T, the order parameter is small, S — 0, and the terms with $3 and $* in
Eq. 6.9 may be disregarded. Then the inverse susceptibility (' = 2/:),a(T —T,)
follows the Curie law  oc 1/T, see Fig. 6.8b.

This susceptibility can be studied in the isotropic phase by electro-optical
or magneto-optical techniques. Indeed, anisotropy of the electric and magnetic sus-
ceptibilities is proportional to the order parameter S, see Eq. 3.15. For example, nematic
liquid crystal acquires an additional free energy — (1/2))(aH2 = —(l/2))(”maxSH2 in
the magnetic field parallel to the director (¥ ax 1S anisotropy of magnetic susceptibility
for the ideal nematic). Then, on account of Eq. 6.9, the energy in the isotropic phase
with a short-range nematic order is given by

1. 1
~MH2S + —a(T — T,.%)S?

Ag(iso) = — > 3

After minimization we obtain the contribution of the magnetic field to the order
parameter

3}:21” HZ
SH ==

4a(T — T.")
that may be related to a change of the refraction index parallel to the field. The
appearance of the birefringence on(H) in the isotropic liquid induced by the
magnetic effect is called Cotton-Mouton effect. Its electric field analogue is Kerr
effect. In both cases, on follows the Curie law and the Landau coefficient @ may be
found from these experiments. Note, however, that the numerical coefficient (3/4)
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depends on arbitrariness of numerical coefficients in the original Landau expansion
(6.8). We should also underline that here we did not discuss any effects of fluctua-
tions of the order parameter in space dS(r); the S-value was considered dependent
only on temperature and magnetic field.

In the frame of Landau theory we can also consider the influence of the external
magnetic or electric field on the N-I phase transition temperature. Imagine that we
apply the electric field E along the director of a nematic and increase temperature.
In the case of positive dielectric anisotropy €,, even a weak field changes the
symmetry of both phases to conical (C,.,), and, strictly speaking, the phase transition
vanishes. However, in the continuous temperature dependence of the order parame-
ter, a characteristic inflection point appears that may be considered as an apparent
N-I phase transition temperature 7. The latter may be changed with an applied field.

As the equation for the enthalpy is given by 0Ag/0T=—AH/T. we may write the
discontinuity of the free energy density as 8Ag=—AHOT/T.. When E I n there is a
difference between quadratic-in-field energy terms in the nematic and isotropic
phases Agr = (1/8m)(gy fsiSO)Ez. From comparison of the two contributions, the
field induced shift 8T of the transition temperature T, is given by [9]:

For nematics with high positive dielectric anisotropy the difference g,—¢;,, ~ 10
is substantial and, for a typical value of AH ~ 2.5 x 107 erg/cm®, the shift ATy ~
1K is expected for a field strength of 500 statV/cm (or 1.5 x 10’ V/m) in agreement
with experiment [9].

Concluding this section I would like to underline the significance of coefficient B
in the Landau expansion:

1. For B = 0, the free energy is symmetric with respect to =1 and we have a
second order transition. For small B # 0 the transition is called weak first order
transition because the discontinuity of the order parameter is small and T.*
becomes close to 7.

2. The biaxiality of molecules influences the value of B and, in turn, a variation of
B may provide, at least, theoretically the biaxiality of the nematic phase.

3. Flexibility of mesogenic molecules also strongly influences B.

6.3 Nematic-Smectic A Transition

6.3.1 Order Parameter

As both the nematic and smectic A phases have quantitatively similar orientational
order, we may fix the free energy of the nematic phase and assume the orientational
order parameter to be equal in both phases, S5 = Sn. Then we introduce a new
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Fig. 6.9 Below: A schematic
picture of molecular packing
in the vertically oriented
smectic layers. Above:
Average density p modulated
with amplitude p; and period

[ of the density wave -2 0 2 |/ g2 z
I
core tails

order parameter because, in the smectic A phase, a new symmetry element appears,
namely, one-dimensional positional order. Recall that, in the SmA phase, local
density is modulated, Fig. 6.9,

2nmz
3p(z) = p(2) = po =D _ Pm COS( —+ (Pm>

Here / is interlayer distance and p,, is the infinite set of possible complex order
parameters (amplitudes and phases of density harmonics with m = 1,2,3 ...) In
fact, usually the modulation is not deep and, in the simplest approach, we can leave
only the first strongest Fourier harmonic with m = 1 and the role of highest
harmonics will be discussed later. Then,

8p(z) = p, cos (?—i—(pl) (6.15)

This density wave is usually considered as a complex order parameter p; =
exp (im) of the smectic A phase in the Landau expansion or free energy at the
SmA-N phase transition. Typically, when there is no distortion, one assumes
¢, = 0 at z = 0 and operates only with the wave amplitude p; as the real part of
the order parameter.

6.3.2 Free Energy Expansion

Due to symmetry +p; the free energy density is expanded over even powers of p;
that is without B-term:

1

4Cp‘l‘+--- with A = a(T — Tya),a > 0 (6.16)

1
8smA = &N + EAP% +

Assuming gn = const, after minimization of (6.16) with respect to p; we have

8gSmA _

pila(T — Tya) +Cpil =0 (6.17)
891



6.3 Nematic—Smectic A Transition 123

Solution p; = 0 corresponds to the positionally symmetric (not modulated)
nematic phase. The other two solutions correspond to the positionally ordered
SmA phase with a continuous growth of the order parameter:

a(Tna — T)] 12 (6.18)

=+
P1 [ C

The temperature dependence of p; may be found from the intensity of the X-ray
diffraction at the Bragg angle determined by period / of the smectic layers. The
experimental data on p;(Ty4 — T) for cholesteryl nonanoate [10] (solid bold curve)
are compared with the corresponding theoretical dependence (dash line) in
Fig. 6.10a. Note that the helical structure of the cholesteric is disregarded because
locally, on the scale of the size /, the nematic and cholesteric phases are indistin-
guishable. From this plot we can find p; = 0.31 at Ty, — T =10°C.

Therefore, with Ty, = 348 K and found ratio a,/C; = 0.01 we can plot the free

energy in arbitrary units. To this effect, let us write Eq. 6.16 in the dimensionless
form:

8smA — N 2 4
8SmA — 8N _ (Tya — T)p? + 0.143p% + - -
I/ZCZTNA ( ) 1 1
a
0.015 ~
N
0.6 N
AN
AN
. 0.010
S 0.4 3
g £ 0.005 -
7 5
& o
0.2 -
0.000
Lo
04 ~0.005 +—————
30 40 50 60 70 80 -0.6-0.4-0.2 0.0 0.2 0.4 0.6
T(°C) p4 (arb. u.)

Fig. 6.10 (a) Theoretical (dash curve) and experimental (solid curve) dependence of the smectic
A order parameter p; on temperature; Ty4 = 75°C for cholesteryl nonanoate [10]. (b) Free energy
of a smectic A as a function of order parameter p, for different temperatures: 10°C below the
transition (curve 1), T = Ty, (curve 2) and 10°C above Ty, (curve 3)
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The dependencies of the dimensionless free energy on the order parameter at
T < Tya (curve 1), T = Tya (curve 2) and T > Ty4 (curve 3) are presented in
Fig. 6.10b. The energy is symmetric about p; = 0. For T > T the higher symmetry
nematic state is stable; curve 3 at finite p; in the nematic manifests short-range
smectic order effect. For T < T, in the smectic A state, the two minima in curve 1
situated exactly at p;= 4 0.31 reflect the symmetry of the energy with respect to
the phase (0 or m) of the density wave.

We can also discuss the structural susceptibility in the more symmetric
(nematic) phase near the SmA-N transition.

_ 5)ng
Tva = 907 =a(T — Tyy) (6.19)

It is a special layer formation susceptibility: close to the phase transition the
nematic is very sensitive to the spatially periodic molecular field, which induce
the density wave with period /. In order to study this phenomenon one is
tempted to use an external spatially periodic force with the same period, but,
at present, it is technically impossible. Therefore, we cannot find the Landau
coefficient a above Ty, using some analogy with the Kerr or Cotton-Mouton
effects.

However, there is a great deal of studies of pre-transitional effects by the
calorimetric and X-ray scattering techniques showing that, in the vicinity of
second order N—A transition, a strong fluctuations of the smectic order occur. It
means that the order parameter changes in time and space p;=p(r, t). For
example, a character of the functional dependence of heat capacity at the
nematic—smectic A transition may be very different, varying from a simple
step to the divergent cusp-like maximum [11]. The experiment shows that
N-A transition may be second or first order. This depends on the width of the
temperature range of the intermediate nematic phase between smectic A and
isotropic phases: the narrower the range the closer the N—A transition to the first
order.

6.3.3 Weak First Order Transition

In reality, the N—A transition is, as a rule, weak first order transition. There are, at
least, two ways to understand this in framework of Landau approach. We still use
the same smectic order parameter p, but include additional factors, either (a)
higher harmonics of the density wave, or (b) consider the influence of the
positional order on the orientational order of SmA, the so-called interaction of
order parameters.
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6.3.3.1 Role of Higher Order Fourier Components

We keep equality of nematic orientational order parameters in both phases Sy = Sa,
and take only the amplitude of the second harmonic p, of the density wave as an
additional SmA order parameter

8p(2) = py cos(2™7)) + py cos(477))

Therefore we have two order parameters (for the same transition) and the free
energy density is:

1 1 1 1
gsma = gn +5 AP} +542p3 — Bpipy + 4 Cip} + 5 Cap3 + Ciapips
with A = a, (T — Tl), Ay = az(T — Tz)7 (6.20)

For a typical situation p; > p,, it is sufficient to take only one cross-term with
coefficient B. Coefficients a; and a, are assumed positive and, in addition, we
assume 1| > T, because on cooling, the first Fourier harmonic appears at higher
temperature, and afterwards, at a lower temperature, the single harmonic law is
violated and p, appears. The minimization of (6.20) with respect to p, results in

agSmA

Op, — A2P2+ Cap3 — BpY + 2C12pipy =0 (621)
2

Due to smallness of p,, the second and fourth terms are small and we can find p,:

B ,
~— 6.22
P2 A P1 ( )

Then, substituting p, into expression (6.20) for free energy and omitting the
terms with p,®, we obtain a biquadratic equation of the (6.6) type:

1 1 /2B 1
o _ 2_ (= _ 41 -D,p 6.23
gSA—gN+2AlP1 4( L C1>pl+6 1P (6.23)

where D, = 12C;,B%*/A,”. Like in the case of Eq. 6.6, the condition for first order
transition is

282, €y >0,

otherwise, the transition is second order. Therefore, an appearance of small terms
with p, in the free energy (6.20) results in a weak first order N-SmA transition.



126 6 Phase Transitions
6.3.3.2 Interaction of Two Order Parameters

Experiment shows that:

1. The narrower a range of the nematic phase in a homological series of different
compounds (as an example see Fig. 6.11a) the stronger are first order features of
the N-SmA transition. In some sense, the SmA phase “feels” the proximity of
the isotropic phase. In other words, we may say that, in the isotropic phase, there
are traces of both nematic and smectic A short-range order.

2. Appearance of the positional order in the SmA phase is accompanied by an
increase in the orientational order, AS = S4 — Sy. The reason is denser molecular
packing within the smectic layers that is more favorable for higher S, Fig. 6.11b.

On account of AS, the free energy density of smectic A may be written as
follows:

1

8smA = 8N + )

1 1
Arp? + EAz(AS)2 — Bp3(AS) + s pt (6.24)

Now we make minimization with respect to AS and obtain

ag SmA
OAg

B
= AyAS — Bp? =0 or AS = ™ p? (6.25)
2

Hence, we arrive at exactly the same form the Eq. 6.23 has.

Therefore we again obtain the first order transition for 2B? /A2 —Cy>0and
second order for 2B2/A2 — C; <0 and a tricritical point for 2B2/A2 —C;=0.
The tricritical point (TCP) is located in the continuous phase transition line
separating the nematic and smectic A phases [12], see a phase diagram schema-
tically shown in Fig. 6.12. Such a point should not be confused with the triple
point common for the isotropic, nematic and SmA phases. In Fig. 6.12, for
homologues with alkyl chains shorter than /.., the N-SmA transition is second
order and shown by the dashed curve. With increasing chain length the nematic
temperature range becomes narrower (like in Fig. 6.1) and, at TCP, the N-SmA
transition becomes first order (solid curve).

Fig. 6.11 Sequence of
phases on the temperature SmA
scale (a) and qualitative

dependence of orientational

order parameter S in the

nematic and smectic A phases b
(b). With increasing M

increment AS the N-A AS
transition acquires more SmA 1 N Iso
features of first order
transition T

Iso
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Fig. 6.12 Phase diagram
“isotropic liquid—nematic
—smectic A” with a tricritical
point TCP at temperature 7.,
and length /., of alkyl chains
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6.3.4 Re-entrant Phases

As a rule, increasing pressure or decreasing temperature promotes a denser, more
ordered phase. There are, however, cases when, upon increasing pressure or
decreasing temperature, the smectic A phase is substituted by the nematic phase
[13]. Therefore, a more symmetric phase reappears or “re-enters” into consider-
ation. An example [14] is shown in Fig. 6.13. Following the horizontal line at
constant pressure of about 2 kbar (1bar = 10° dyn/cm? or 10° Pa) from the right to
the left we begin from the nematic phase then, with decreasing temperature, cross
the SmA phase and enter again the nematic phase. Similar sequence is observed on
the down-up way along the vertical line at constant temperature. Such an abnormal
behavior can be explained with a molecular model, Fig. 6.14. In fact, reentrant
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Fig. 6.14 Packing of molecular dimers in the nematic (a), smectic A (b) and reentrant nematic (c)
phases. The middle part of dimers formed by rigid biphenyl cores is broader than their end parts
formed by molecular tails and the length of the dimers depends on the pressure and temperature

phases are observed in liquid crystals with strongly asymmetric polar molecules
such as p-octyloxy-p’-cyanobiphenyl (80CB). They form pairs of antiparallel
dipoles (or molecular dimers as earlier shown in Fig. 3.9) whose length may depend
on temperature and pressure. Such dimers are building elements of mesophases.
Then a subtle change in the dimer geometry determines the packing structure shown
in Fig. 6.14 that explains the re-entrance phenomena.

6.4 Smectic A-Smectic C Transition

6.4.1 Landau Expansion

In the smectic C phase a new feature appears, a uniform molecular tilt that is
characterized by the two-component order parameter 3 exp(i¢) [15]. For simplicity,
we can fix the azimuth angle ¢ and operate with a real order parameter 3:

1 1 1
gsmc = 8smA + EMZ + 1&94 + 8Dz96 (6.26)

The odd terms are absent due to the £9 symmetry. After minimization with

respect to 3 we get
C C

that is the same temperature dependence of the order parameter 3 as presented in
Fig. 6.10a. The inverse “soft-mode” susceptibility for the uniform tilt

(=5 =a(l — Tea), (6.27)
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Fig. 6.15 Phase diagram T
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as expected, has the same linear temperature dependence as in nematics, see
Eq. 6.10 and SmA. This is a typical picture for second order transition.

However, if you take into account the “interaction” of SmA and SmC order
parameters, a cross term p%192 would result in the appearance of the NAC triple
point in the phase diagram [8, 16], see Fig. 6.15. In this case, the phase transition
lines might correspond to either second or first order transitions; it depends on
parameters of the Landau expansion. In experiment, such a phase diagram may be
observed when a content of binary mixtures is varied.

6.4.2 Influence of External Fields

In the framework of the Landau theory one can analyze the influence of a magnetic
or an electric field on the phase symmetry and order parameters [17]. Here we
consider the magnetic field influence on the temperature of the smectic A—C
transition [11]. Let the magnetic field is applied along the smectic layer normal.
Then, it is sufficient to add the field term to the expansion (6.26).

1 1
8smC = gsma + EG(T —Tea)9* — EXa(H")Z

We assumed small tilt angles and disregard the term with coefficients C and D.
For small 9 the scalar product is Hn(1 —9%/2) and after minimization we obtain

a(T — TCA)’L9 + XaHz’ﬂ = 0

Finely, the temperature shift of the A—C phase transition point by the magnetic
field is given by:

1
T = (Tea =~ 1,H") =0 (6.28)
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Therefore, for positive y, (or €, in case of the electric field) the transition
temperature reduced with increasing field.

6.5 Dynamics of Order Parameter

6.5.1 Landau-Khalatnikov Approach

Going back to the beginning of this section, let us recall the conditions of the
thermodynamic equilibrium giving the free energy density minimum: dg/dn = 0
and d*n/dn* >0.What would happen if these conditions are not fulfilled? For
example, due to disturbance by an external field, the order parameter of the system
may become different from the equilibrium value. Then, after switching the field
off, the order parameter will relax to its equilibrium value. The problem is how
to find its relaxation time? Below we shall only consider the second order transition
and only a weak deviation from the equilibrium, i.e., small values of derivative
dgldn.

We neglect fluctuations of the order parameter, and assume that there is a simple
linear relationship between a torque dg/dm and a relaxation rate dn/dt. Physically it
means that the steeper potential well g(n) (larger dg/dn), the faster is relaxation
(larger dn/dt) of the induced order parameter. Hence the Landau—Khalatnikov
equation reads

dn_ 98

i~ (6.29)

where the rate controlling coefficient I' is considered to be independent of
temperature.
6.5.2 Relaxation Rate

The relaxation rate can be found from the equilibrium Landau expansion (6.1)
without B-term:

1 1
g=go=§a(T—Tc)n2+ZCn4+~--

Its solution for T < T, has been found above. The equilibrium value of the order
parameter is:

= [a(T. - T)/C]"? (6.30)
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Eq.(6.29) reads:

d
-%:-rMT—nm+CM} (6.31)
It is convenient to introduce a difference of the order parameters for the distorted
and equilibrium medium én =n — 7.
Then, for the high symmetry (high T) phase, 1 = 0 and the linearized
Landau—Khalatnikov equation for m is given by:

dn on
— =~ —Ta(T-T.)on=—— 6.32
7 a( )dn . (6.32)
with a characteristic relaxation time
1
Ty = S (6.33)

I'aT-T.) a(T—-T,)
Coefficient y = I'"! is a kind of friction coefficient (viscosity for liquid crystals)
controlling the relaxation process. In the Gauss system [y] = s.erg/cm® = g.cm/s or

Poise. In the SI system [y] = s-J/m> = s:N/m? or Pa-s (1 Pa-s = 10 P).
For the low-symmetry phase we make linearization of the right part of Eq. 6.31

—In[(T —T.)a+Cn? = —T[(T — T.)a + C(R* +27dn + - - )]

In the brackets, only term 270nC includes increment 6m. Thus we keep it and
then ignore higher order term with (81)%:

don, = —'n2CRdn = —2IC(R + én)RdN ~ —2ICR%on

Finally, using Eq. 6.30 for the equilibrium order parameter, we exclude C and
obtain for the low-symmetry phase:

ddn on
—— =2Ia(T -T,)on = —— 6.34
o a( )on . (6.34)
with a relaxation time
1
T -7 (6.35)

T 2a(T.—T) 2a(T.—T)

The results (6.33) and (6.35) are of principal importance. We already know that
at the second order transition the structural susceptibility diverges (Curie law). Now
we see that relaxation times diverge as well, i.e., on approaching the transition from
any side, the relaxation of the order parameter becomes slower and slower and, at
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Fig. 6.16 Softening of the 06 —/——————————1—— T T T
N-I phase transition: { 5CB oo
relaxation time of the 054 10.2um o J
orientational order parameter | [
as a function of temperature 0.4 4 [m] =8 i
in p-pentyl-cyanobiphenyl %) |
(5CB) = 03] g e,
| =]
o
0.2 4 [m} h
O
01] co " i -

24 26 28 30 32 34 36 38 40
T,°C

the transition, in the linear approximation considered above, the relaxation times
are infinite (softening of the transition).

Had we taken higher order terms of om into account, the divergence would
disappear. The Curie-type order parameter relaxation has been studied on a typical
nematic (5CB), see Fig. 6.16. The measurements have been made using a pulse
pyroelectric technique [18]. As the nematic—isotropic transition in SCB is weak first
order, it clearly demonstrates some features of the softening: the relaxation time of
the orientational order parameter on the nematic side of the NI transition increases
five times.

There are also other reasons that truncate the order parameter divergence such
as spatial inhomogeneities or external fields. For example, to describe a spatial
inhomogeneous system, a term quadratic in the gradient of the order parameter
G(Vn)* must be added to the density of free energy and all the Landau
expansion should be integrated over the system volume:

1 1
F= J[go +5a(l - Tom® + ZC"4 +G(Vn)* +--Jav (6.36)

Then in the relaxation equation an additional term appears. E.g., in the low-
symmetry phase, at T < T,:

odn  [dn
== (T - 2FGA(8n))

where A is Laplace operator. Then, the inhomogeneous distribution of 1(r) can be
expanded in the Fourier series of spatial harmonics and, for each Fourier compo-
nents with number m, we have different Landau—Khalatnikov equations

don,, _ _ ony,

dt T
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with different relaxation times

1 1
—=c+ r'Gm? (6.37)

Therefore, at T = T,, the relaxation time becomes finite. We meet the same
situation in the helical phases as well.

6.6 Molecular Statistic Approach to Phase Transitions

The problem is to derive the equation of state and thermodynamic functions of a
particular liquid crystal phase from properties of constituting molecules (a form, a
polarizability, chirality, etc.). The problem we are going to discuss is one of the
most difficult in physics of liquid crystals and the aim of this chapter is very modest:
just to introduce the reader to the basic ideas of the theory with the help of
comprehensive works of the others [2, 5, 19]. To consider the problem quantita-
tively we need special methods of the statistical physics. In this context, the most
useful function is free energy F, which is based microscopically on the so-called
partition function, see below. For the partition function, we need that energy
spectrum of a molecular system, which is relevant to the problem under consider-
ation. The energy spectrum is related to the entropy of the system and we would like
to recall the microscopic sense of the entropy.

6.6.1 Entropy, Partition Function and Free Energy

6.6.1.1 Entropy

We consider a small but macroscopic part of a larger molecular system. Even under
equilibrium conditions such a subsystem can be found in any of a tremendous
number n of statistical configurations or quantum states [2]. Any change in a
position, velocity or internal motion of a particular molecule will bring our macro-
scopic subsystem in the new state with energy E,. The set of corresponding energy
levels is extremely dense as pictured schematically in Fig. 6.17 and we may consider
a continuous distribution function w(E) = w(E,) of the probability for the subsys-
tem fo be in a state with energy E = E,. A number of the levels below a particular
energy E is I'(E). Now we would like to relate the entropy to this energy spectrum.
By definition, the dimensionless entropy is given by

s = InAT'(E) (6.38)

where AT is the so-called statistic weight of a macroscopic state of our molecular
subsystem related to the formidable number of the microscopic quantum states.
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Fig. 6.17 Energy levels of a macroscopic quantum subsystem, probability w(E) for the subsystem
to be in a state £, and probability W(E) for the subsystem to be within the energy interval between
E and E + dE, more or less realistic and approximated by a rectangular

The probability for a molecular subsystem to have energy in the interval between E
and E + dF reads:

w(E) (6.39)

where dI'/dE is density of possible states on the energy scale. Since the energy of
our subsystem under fixed experimental conditions fluctuates only negligibly about
the average value <E>, the density of states and probability w(E) have extremely
sharp maxima at E = <E>, close to d-function shown as “realistic” function in
Fig. 6.17. Therefore, the normalization condition may be written as

JW(E)dE ~ W((E)AE = 1 (6.40)

On the other hand, the number of the quantum states A" in the AFE interval is:

Al = dr({E)) AE, that means AE = AT’ dE
dE dar

(E))

. Now the condition (6.40) on

account of (6.39) results in:

_dr((E)) dE_
WE)) - AE == =2 w({E)) - AT s = 1

Hence w({E))AT = 1 and the dimensionless entropy is found to be related to the
distribution function w(E,,)

s=InATl' = —Inw((E)) = —(Inw(E,)) (6.41)

The transformation of average values in (6.41) follows from the statistical
independence of the events described by a distribution function (for wi, = wiw,,
Inw;, = Inw; + Inwy,, etc.).
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To have the entropy in the Boltzmann form we write
S = kBS = —k3<ll‘1 W(En)> (642)

Dimension of entropy is [erg/K] or [J/K]. To have an idea of the entropy value,
let us take a tremendous number of points in the phase space, e.g. 10'°’. Then,
s =230and § = 3-10"* erg/K are extremely small values with respect to experi-
mentally measured quantities.

Up to now we considered number AI" of the quantum states or “cells” in a
multidimensional configuration or phase space, formed by coordinates ¢; and
momenta p; (i = 1,2...]) where [ is the number of degrees of freedom. Each cell
had volume of A’ (h = 2nh is Planck constant). In general, these states include
all possible degrees of freedom, such as translational and rotational motion of all
molecules, their internal (atomic) motion, interactions with other molecules, etc.
Now, in the classical limit, instead of AT" we introduce a volume in the phase space
ApAq, in which a subsystem evolves in time. Additionally, to have the absolute
value of the entropy, we introduce the volume of the elementary cell in the phase
space (2nh)[ and write the dimensionless entropy in the form

ApAq

s=1In (2nh)[ (6.43)

6.6.1.2 Partition Function and Free Energy

In the quantum-mechanical case, a probability w(E,) for a subsystem to have
energy E, in a quantum state is given by the Gibbs distribution:

wn =2 exp(~Enfi ) (6.44)

where Z is a constant to be found from normalization procedure
an =z! Zexp(—En/kBT) =1,
n n

and called a partition function that includes all degrees of freedom of the subsystem:
z=Y exp(—En /kBT) (6.45)

Using Eqgs. 6.42 and 6.44 we write entropy in the form

S = ks nw(E,)) = k(2™ exp(~Enfhy 7)) = ~kpinz 4 L
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equivalent to
(E) =TS = kgTInZ " (6.46)

As the macroscopic definition of the free energy is F = (E) — TS, we relate the
free energy to partition function:

F=kgTInZ ' = —kzTInZ (6.47)

Finally, on account of (6.45) the free energy acquires a desired microscopic
form:

F=—ksTny exp(—Enfp7) (6.48)

This formula is a base for calculation of all thermodynamic functions of any
system if the energy spectrum of the latter is known. We shall illustrate this
approach considering two simple systems, the ideal gas and a liquid, both consisted
of spherical particles.

In the classical case, instead of discrete distribution w,, (E,,) we have a continu-
ous probability function p (p,q) that is probability to have a subsystem with given
momentum p and co-ordinate ¢ in the configuration space:

p(p,q) = Aexp(—EP: ) 1)

and, in the expression for the free energy, instead of the partition function we have a
configuration integral

/
F= —kBTan exp(—E(P»‘I)/kBT)dr

where dI” = dp; dqi/(Znh)l and prime (/) means integrating over physically
different states. To avoid (/) we may integrate over all states of N particles
(molecules) but afterward to divide the result by the number of permutations
Nz [/..dr = (1/N) [ ..dT

6.6.2 [Equations of State for Gas and Liquid

6.6.2.1 Ideal Gas of Spherical Particles

To illustrate the technique, consider an ideal gas of N spherical, point-like, non-
interacting particles or molecules without internal degrees of freedom. The partition
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function takes into account only the translational motion with three degrees of
freedom (no rotation assumed for spherical particles):

N
1
Zic =Y _exp(=Frfiyr) = 15 (Z eXp(gk/kBT)> (6.49)
n M k

Here, £ states of energy €, belong to an individual particle and the summation
should be made over all these states. Since particles do not interact, the statistic sum
for N independent particles is a product of N sums calculated for each particle. As
explained above, to exclude identical sum corresponding to the same state of the
gas, the number of permutation N/ is introduced in the denominator.

The translational motion of a particle is classic and the kinetic energy of one
molecule is & (py, py,p:) = (pr + p; + p?)/2m. Therefore, the summation may be
substituted by integration over the phase space (V is the physical volume of the gas):

;eXp<_3k/kBT> - Zﬁ . J J J J.exp (_p,% +p}+p? /2kaT> dpydpydp.dV
VoD

k

kaT 3/2 3
= v(m2> = VM) .

Note that, in the triple integral, each integral with respect to p; with limits
(—00,00) has the known Gaussian form: [ exp(—ax?)dx = /m/a and
MT) = (21) 1/ (mkyT)"/? -

Now the partition function for N molecules is found:

—3N

Z[G = W Jdrldrz...dr,v =

A TNYN

i (6.50)

In (6.50) integrating is made over N-dimensional coordinate space of volume V"
Then, the free energy (6.47) reads:

F =ksT(3NInA(T) = NInV + InN!) = —ksTN(InV — InN — 3In A(T) + 1)

Here we used the Stirling formula for large N (InN!= NIn(N/e),
e=2718...)
Now we can find pressure

NkpgT
Vv

and obtain the equation of state for the ideal gas with particle concentration or
number density p=N/V:

plGV = NkBT or pig = pkBT (651)
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6.6.2.2 Equation of State for a Dense Gas or a Liquid

If we would like to discuss a non-ideal dense gas of interacting hard spheres of a
finite size, we should introduce a concept of excluded volume to take into account
the repulsion of molecules at short intermolecular distances and write the energy of
attraction between molecules at large distances. Then the partition function of type
(6.48) will include two additional contributions and becomes quite cumbersome.
Nevertheless it allows the discussion of the Van der Waals equation of state

p = [NkgT/(V = b)] — a/V? (6.52)

on the microscopic level and find the physical sense of parameters a (for attraction)
and b (for repulsion) introduced by Van der Waals phenomenologically. For a
simple liquid consisting of hard spherical molecules the equation of state may be
written in terms of number density p:

P =DPus — 3 Jop’ (6.53)

Here, the first and second terms describe correspondingly positive pressure due
to molecular repulsion and negative pressure due to molecular attractive forces. Our
task is to understand the microscopic sense of parameters p,, (index means hard
spheres) and Jy. Therefore we need a proper partition function.

Let u(r;) is repulsive and —W(r;;) attractive parts of the intermolecular potential
for molecules i and j; then the partition function for N spherically symmetric
particles of mass m and radius r( reads [5]:

7\‘73N N
zZ= T Jdrl... drNef:\;{exp [I/QB Z W(rkl)] } (6.54a)

kAl

Here P =1/kgT, A is given above when discussing the ideal gas,
e;; = exp[—Pu(r;j)]. This function can be written shortly as a product of the part
Zy including solely repulsive interactions and the thermal average of the term
describing attraction between different particles k and /:

Z=12 <exp [1/23 > W(rk,)] > (6.54b)

KAl

First we estimate only the repulsive part Z, and then the attractive one.

In Eq. 6.54a, averaging over ensemble (reference system) depends on the type of
the ensemble. In the simplest case, we take as a reference the system of hard spheres
with repulsive potential of the type of a hard wall, shown in Fig. 6.18a, namely,

Forr; < 2rg: u(r,-j) =ooande; =0
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Fig. 6.18 Hard core a
intermolecular potential (a) and u
illustration of the excluded
volume for two spherical
particles of radius 7 (b)

0

2ry r

and
forry > 2ro: u(r;) =0ande; = 1

Next, since the hard spheres (or molecules) have their own volume V,, = (4/3)7:}"3
and touch each other, the free volume for their translational motion is reduced. As
seen in Fig. 6.18b the presence of sphere 1 reduces the available volume for sphere
2 by 8V,,,. This value is common for two spheres; therefore, the excluded volume per
one sphere is 4V/,,.. It means that the volume of the whole system is diminished down
to the value of V. — 4NV,,.. Then the partition function (6.50) for the ideal gas of point
spheres, which corresponds to the same translational degrees of freedom may be
corrected for the excluded volume or a packing fraction n=pV,,:

ATV - 4n)V

% N!

(6.55)

Therefore, the part of free energy related to hard sphere repulsion is expressed in
terms of density of particles p =N/V that on account of Stirling formula is given by

Fps = —kgT1InZy = NkgT[3Ink +1Inp — 1 — In(1 — 4n))]

From here the repulsive part of pressure is found

_ OFy _ NkgT  NkgT
P = ey TV ANy, V(1 —4n)
~ pkgT(1 +4n 4 16> +64n° +-- ) (6.56)

The approximation is correct for small density p, i.e. small packing fraction 1.
Note that for n=0, we obtain the equation of state (6.51) for the ideal gas p=pkpT.

Now we try to estimate the attractive term (a thermal average) in the partition
function (6.54a). Due to enormous mathematical difficulties, we get rid of the
summation:

<exp [1/2[3 Z W(i'k/)] > = exp [1/2BNpJ0} (6.57)

[
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In fact, instead of summation we have averaged the potential W(ry) with the
hard-sphere radial density distribution function pys familiar to us from the discus-
sion of density correlation function of isotropic liquids in Chapter 5. As a result, we
obtain a new constant Jo = [ W(r)p,,(r)dr. From (6.57) the contribution to free
energy due to attraction is found:

1 1
Fuur = —kgT | ——=NpJy | = — —N?%J,
1t B (ZkBT p o) oV 0

The pressure due to attractive forces is given by

Panr = —OF arfar = LoN2Jo (<1 /y2) = =102

Finally, we obtain the equation of state for interacting hard spheres (attraction
and repulsion):

p= —=Jop? (6.58)

This equation corresponds to both the equation of state for liquids (6.53) and the
Van der Waals equation (6.52). However, the phenomenological parameters a and b
in (6.52) acquired physical sense. Parameter b = 4NpV,, is related to particular
molecular volume and density of spheres (molecules), parameter a = N>J,/2 points
to the properly averaged potential describing molecular attraction.

Thus, we have seen how intermolecular interactions can be taken into account
for description of non-ideal gases and even liquids. Now we are much closer to
liquid crystals.

6.7 Nematic-Isotropic Transition (Molecular Approach)

6.7.1 Interaction Potential and Partition Function

Consider the simplest case, namely, the nematic phase consisting of uniaxial rod-
like molecules. Generally, the intermolecular interaction again consists of the
repulsive and attractive parts but both of them become anisotropic. The potential
of pair molecular interaction can be written in the following general form:

Wir = Wia(ri2, 01, ¢y, 02, ;) (6.59)

Note that Euler angle ¥ is not considered due to the rod-like form of a molecule;
the other angles are shown in Fig. 6.19a. Vector r;, connects the gravity centers of
rods. If the particular form of Wy, is known, it can be used for calculation of the
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Fig. 6.19 Geometry of a b
interaction between two rod-like \
molecules (a) and geometry of a a,

spherocylinder (b) -
0
b2 ) O
o 3

N
3

partition function for N molecules with numbers & and /. The partition function may
be written in analogy to expression (6.54a) for simple liquids:

Z = Zug <exp ll/zﬁ > W(rk,akal)] > (6.60)

KAl

Again this function includes the repulsive multiplier Zzz and the attractive part.
The repulsive part may be considered as a reference for calculation of the thermal
average necessary for the attractive part. To find Z,, we may operate with an
excluded volume, although even for hard rods (suffix HR) it is very difficult to
calculate it. The total procedure is enormously complicated because, even for Z;z
known, it requires multiple averaging over (a) all orientations of molecule 1, (b) all
orientations of molecule 2, and (c) all distances ry,.

Below we shall consider two extreme cases, long hard rods without attraction
and rod-like molecules without repulsion. The first approach (by Onsager) may be
applied to very long molecules like tobacco mosaic viruses and calls for hard
mathematics [20]. We shall discuss it very schematically in the next section. The
second one (by Maier and Saupe [21]) appeared to be simpler but very powerful and
can be applied to many typical nematic liquid crystals. We shall consider it in the
subsequent Section 6.7.3.

6.7.2 Onsager’s Results

Consider a medium consisting of elongated, cylindrically symmetric hard-core
molecules in the form of spherocylinders. For spherocylinders shown in
Fig. 6.19b we may introduce parameter

x=L+D) (6.61)

that reduces to x = 2D for spherical particles discussed above. A rod has kinetic
energy of translations p*/m and rotation about its short axes py>/2I and p¢2/21
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(angles ¢ and 0 are in Fig. 6.19a, I is moment of inertia). Therefore, a rod has five
degrees of freedom. In addition rods £ and / interact with each other. The interaction
potential is uy; = oo if they overlap each other and uy; = 0 without overlapping.
The Hamiltonian of the system consisting of N rods is given by

N N
H= Z Ty + Z Uy (6.62)

and the partition function can be written as

1 N
ZHR = W J [drdp,dpe,dpd,lde,dd), exp(—BH)] (663)

Onsager used a low-density expansion, that is small packing factor n=pV,,.
After a cumbersome calculation procedure he has found the excluded volume
Vm/(al-aj) that depends on orientation of the rods. Then, using (6.63) and several
approximations concerning averaging, the free energy and the equation of state for
hard spherocylinders have been found.

At that stage a uniaxial, orientational order parameter S is introduced in terms of
the mean square projections a,,, . of molecular vector a:

(@) = (a3) = (1/3)(1 = 8); (a2) = (1/3)(1 +25)

The order parameter depends on the packing fraction and temperature. With
increasing density or decreasing temperature the isotropic phase is substituted by
the nematic phase. The equation for S is found in terms of 1 and .

S(28° —S —1+3/81y) (6.64)
where factor y includes the molecular anisotropy x:

2(x — 1)

= n(3x — 1)

Equation 6.64 has three solutions, S = 0 for the isotropic phase and

1/2
i% (1 ! > (6.65)

Sy = -
3ny

1
4
for the nematic phase. The solution with sign (4) is stable. A critical condi-
tion 3ny=1 corresponds to the transition from the isotropic to the nematic phase.

It is solely determined by molecular parameter y (or x) and packing density
dependent on temperature. The qualitative temperature dependencies are shown
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Fig. 6.20 Onsager model: S
order parameter dependence on
molecular packing factor n for
two values of spherocylinder
anisotropy ratio x = 4 (dash
curve)and x = 11 (solid curve).
S, = 0.25 is the amplitude of
the order parameter jump at the
phase transition

in Fig. 6.20. For very elongated molecules (x = 11) the phase transition appears at
much smaller packing density (compare with the curve for x = 4). There is no
solution for short spherocylinders anisotropy x < 3.08. The order parameter
changes discontinuously with a jump (S, = 0.25) at the isotropic-nematic transition
point (first order transition).

6.7.3 Mean Field Approach for the Nematic Phase

6.7.3.1 Interaction Potential and Partition Function

The potential of pair molecular interaction (6.59) is too difficult to deal with.
Much simpler is to use symmetry of the phase of interest (nematic) and construct
the form of potential energy of a molecule as if it interacts not with other
surrounding molecules but with an average molecular field. This is an essence
of the mean field approximation [1]. The single molecule potential represents the
mean field of all intermolecular forces acting on a given molecule. In this case, we
neglect the intermolecular short-range order. Such theories have appeared to
be very powerful in the physics of solid state, for instance in magnetism, ferro-
electricity and superconductivity.

Consider the nematic phase. It has cylindrical symmetry and the orientational
order parameter <P,> = 1/2<3cos219 - 1> with angle 9 between a molecular long
axis and the symmetry axis (the director n). The tasks of the molecular theory is to
use the symmetry arguments and properties of molecules and (a) to find the
temperature dependence of <P,> (T), (b) to calculate thermodynamic and other
properties in terms of <P,>, (c) to discuss the phase transition from finite <P,>
to zero (N—Iso transition), and (d) to discuss the role of the higher order parameters
<P4s>, <Pg> etc.

The key problem is a form of the interaction potential. The two-pair potential
(6.59) is too complicated and we would like to substitute it by a single molecule
potential:

1. At first, the pair potential Wy, is expanded into two series of spherical harmonics
Y, and Y,. Then the dependence of Wi,(r;,) on the intermolecular distance
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becomes separated from the dependence of W, on molecular orientation. Then
only the difference between two angles ¢;—d, is considered essential, but not
each of the two angles. In addition, due to head-to-tail symmetry, only even
terms are left in the expansion. Fortunately, the coefficients of the expansion
decrease rapidly with the number of a harmonic.

2. Then, a new, polar coordinate frame was introduced based on the director n as a
polar axis. To obtain the single molecular potential W as a function of the first
molecule orientation with respect to n, one has to take three successive averages
of W1,: (a) over all orientations of intermolecular vector r, (b) over all orienta-
tions of molecule 2, and (c) over all intermolecular separations rl.

Finally, the single-molecule potential has been found in the form of expansion
over Legendre polynomials:

Wi (cosd) = v(P3)Py(cos¥) + u(P4)Ps(cos ) + 6™ + - - - terms (6.66)
In the simplest case, we use only the first term:
Wi(cos)) = —v(Py)P(cos ). (6.67)

Its form is shown in Fig. 6.21. P,(cos9) is a universal function varying from —1/2 to
+1 and v <P,> is a number determining the depth of the potential well. Note that
parameter v depends on properties of a molecule (shape, electronic structure, etc.).

The even function f(cos ) given by the Gibbs distribution describes the proba-
bility for a molecule to be at an angle 9 with respect to the director n:

Wios )

_ o1 _
flcosd) =2 exp( T

-<P, >P, (cos8

Fig. 6.21 The dimensionless
form of the nematic mean field
potential as a function of
molecular angle 9 at three
different values of <P,> =0
(horizontal line), 0.5 (dot
curve) and 1 (solid curve)
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The probability to find the molecule at any angle 3 within 0 and 7 equals unity.
From here we find the single-molecule partition function

1
9
zZ= Jexp (— M) dcos? (6.68)
ks T

The configuration integral includes only one degree of freedom (3-orientation).
Other degrees are ignored because we are only interested in an excess of free energy
of the nematic phase with respect to the isotropic phase. At this stage Eq. 6.67 is not
yet helpful for the calculation of thermodynamic parameters since it includes
unknown value of <P,> in the mean-field potential W. However, using the theo-
rem of average, <P,> may be written in the form valid for any weight function f
(cosd):

I
(Py) = JPz(cos V)f (cos ¥)d cos (6.69)
0

Now we combine (6.67), (6.68) and (6.69) and obtain the self-consistent equa-
tion for the determination of the orientational order parameter <P,> as a function
of kgT/v:

1
| P2(cos¥) exp {W} dcos
0 B
(Pa) = (6.70)

1
fexp {M} dcos
i ksT

The equation is complicated but we can vary kgT/v and, for each given value,
calculate numerically <P,> by integrating over 9. The result is universal and
shown in Fig. 6.22.

Now we can summarize some preliminary, but important conclusions:

1. The two branches correspond to two ordered phases, one is nematic with positive
<P,> > 0, and the other phase (not observed yet) with negative <P,>. The
positive branch corresponds to the results of the Landau approach, see Fig. 6.5.

2. At T, the order parameter <P,> increases by a jump from 0 to 0.429, therefore,
the N-Iso transition is first order transition.

3. The N-Iso transition takes place at kzT./v = 0.222. From this value and a
typical experimental transition temperature 7. = 400K we can estimate
the height of the potential barrier v = kzT./0.222 = (1.38 - 10~1¢ - 400) /0.222
=2.5-10"Perg = 0.15eV. However, the molecular nature of parameter v is not
clear yet and we cannot calculate the partition function and free energy. It should
be discussed using specific molecular models.
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Fig. 6.22 Mean field model

of the nematic phase: 1.0
temperature dependence of
the order parameter. The two
branches correspond to stable
nematic phase with positive
order parameter (solid line),
and unstable phase with
negative order parameter
(dash line). Order parameter
discontinuity at S = 0.429
indicates the first order N-I 0.5
transition 0.0
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6.7.3.2 Maier-Saupe Theory

The results of the simplest mean field approach are very impressing. However,
some experimental observations, e.g., different temperature dependencies of the
order parameter for different substances, a discontinuity of density at the N-Iso
transition have not been explained. The main disadvantages of the simplest theory
are (a) lack of the density (or volume) dependence of <P,> showing a jump at the
transition; (b) an oversimplified form of the potential well; and (c) pure phenome-
nological nature of the depth of the potential well v.

If we come back to Eq. 6.66, then with additional terms (fourth, sixth, etc.) we
can find a new partition function and calculate more precisely the thermodynamic
parameters (free energy, entropy, etc.). Indeed, the results of such calculations fit
much better the experimental data on <P,> and <P,> for different materials
[22]. But what about the nature of parameters v and p? For the first and most
important of them, the answer is given by the Maier—Saupe theory [21].

All physics of the intermolecular interactions is included in potential W,. Its
general dependence on density (or volume V) is not known. However, a dependence
of the form W x —A/Vz is consistent with the typical 7 °~-dependence of intermo-
lecular attractive energy (for instance, in the Lennard-Jones potential '>~°). The
V2 form is a result of averaging over three-dimensional volume. This law is valid
for London dispersion forces related to “induced dipole — induced dipole” interac-
tions. Since elongated molecules have anisotropic (tensorial) polarizabilities, the
idea of Maier and Saupe was to describe their interaction in terms of anisotropic
dispersion forces. On account of the molecular volume term, V,, = V/N, the mean
field potential (6.67) takes the form:

Wi = —Af2(P2)P(cos ) (6.71)

This form allows for separation of effects related to packing of molecules (V,,,),
their ordering (<P,>) and molecular spectral properties (A). The coefficient A was
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considered as a constant to be found from experiment. It can also be estimated from
the theory of dispersion forces. The classical formula for the interaction energy
between the oscillating dipole of one atom with another, neutral atom (or a
spherical molecule):

w(r) = — 0= —— (6.72)

Here o is frequency of oscillating electron in the first atom, o, is polarizability of
the second atom, r is distance between the two. This result is in qualitative
agreement with a quantum—mechanical theory developed by London. For calcula-
tion of parameter A in (6.71) Maier and Saupe used this basic formula, but in
addition they took the anisotropy of molecular polarizability Aa into account. It is
Ao, that determines the stability of the nematic phase.

The Maier—Saupe theory is very successful in explanation of density jump at T;.
It can also explain some correlation between the thermal stability of the nematic
phase and the anisotropy of molecular polarizability Aa. Up to now it is very
popular among chemists although there are some substances (e.g., cyclohexyl-
cyclohexanes), which have a very stable nematic phase but Ao ~ 0. Its main
drawback is a neglect of short-range (steric) effects taken into account, for instance,
by hard-rod Onsager-type models. On the contrary, the hard-rod models do not take
long-range interaction into account. The two approaches taken together result in
more realistic predictions. However, in general, due to complexity of the problem,
all such models present only semi-quantitative picture [23].
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Chapter 7
Magnetic, Electric and Transport Properties

Some properties of liquid crystals depend mainly on properties of individual
molecules and approximately obey the additivity law. Thus, molecular properties
can be translated, of course with some precautions, onto the properties of a
mesophase on account of the symmetry of the latter. Quantitatively, the relevant
phenomenological characteristics such as magnetic and dielectric susceptibilities,
electric and thermal conductivity, diffusion coefficients, etc. can be calculated by
averaging molecular parameters with the corresponding single-particle distribution
function. Other properties of liquid crystals such as elasticity or viscosity dramati-
cally depend on intermolecular interactions and the corresponding many-particle
distribution functions have to be taken into account. Here we shall start with a
discussion of the properties of the first sort. Moreover, we shall limit ourselves
mostly to the phases of highest symmetry (uniaxial nematics and smectic A) whose
properties are represented by second-rank tensors, discussed in Section 2.5.
Throughout this chapter, the director field is considered to be non-distorted, n(r) =
constant.

7.1 Magnetic Phenomena

7.1.1 Magnetic Anisotropy

In the Gauss system, magnetic induction B = pH where H is magnetic field strength.
The magnetic permeability p = 1 + 4my where  is dimensionless magnetic sus-
ceptibility. Except ferromagnetic materials, 4wy << 1. e.g., for p-azoxyanisole
<yx>=—5 x 1077, therefore p ~ 1.

By definition, a magnetic moment of substance per unit volume is magnetization
M = yH. For an anisotropic material, the magnetization vector components are
M, = y,sHp and the contribution to the free energy density of the mesophase from
the magnetic field is given by [1]:
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H, Hyg
1
8magn = — JHadMa = - JHoch/jdHﬁ = _EXocﬂHozHﬁ
0 0
For uniaxial phases y,3 = 8.8 + % anp, therefore
1 2 2
Gmaen = =5 |1 H2 + 74(naH,)| (7.1)
or in the vector form
1 2 2
8magn = ) [XLH + %,(Hn) } (7.2)

Here Hn = Hcoso where o is the angle between the director and magnetic field.
The second term determines an orientation of the director in the field: for i, > 0 the
director n tends to align parallel to the field; for x, < 0 it tends to be perpendicular
to H. A sign of y, is determined by competition of diamagnetic and paramagnetic
terms.

7.1.2 Diamagnetism

Diamagnetism is caused by an additional electric current induced by a magnetic
field in a molecule. The diamagnetic contribution to g is negative, independent
of permanent magnetic moments of molecules and is present in all molecular
materials [2].

7.1.2.1 Single Electron

Consider a classical model of a current i caused by a rotating electron in the absence
of a magnetic field, see Fig. 7.1. When an external magnetic field is applied, an
additional, namely, induced current appears due to the Lorentz force acting on a
moving electron. The induced current component i tries to screen the external field

Fig. 7.1 Diamagnetism of I/\
a single electron: electron :\P H
rotation creates current i in ’ N\JJ

the magnetic field absence

1
and the additional current \\ \/ ! .
i di

i is induced by the magnetic
field H

211
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H = H, (the Lenz law). In fact, 6i comes about due to precession of electronic
orbits with angular frequency according to the Larmor theorem:

_eH
© 2m,c

oL (7.3)

where e/2m,c =y [cm'?g '] is gyromagnetic ratio, e and m. are the charge and

mass of an electron, ¢ is light velocity. Such a precession of an electron is
equivalent to a diamagnetic current:

5= O CH

2n 4dnm,c?

Generally, the magnetic moment of a frame with current is p,, = I X s where
s is vector of the current loop area (s = <p2>). Therefore, the induced moment
and the susceptibility of single electron moving along the contour perpendicular to
H are given by

2

P e
(0 (0°) = () 7). Toagn = = ~ gz (0°)

. e’H
Pm = W
Here, there is no component of the current along z and <p>> is mean square of
the distance between the electron and the field axis z. For a circular electron orbit of
radius 7, we have <p®> = </*>. In a more general case of electron orbits tilted
with respect to H, the mean square distance between the electron and the nucleus is
<> = <>+ <P+ <P

7.1.2.2 Molecules

For spherically symmetric molecules with electron orbit radius r, <x*> = <y*>
= <z*> and <p®> = (2/3) <r*>. Then the magnetic susceptibility of a spherical
molecule having Z electrons is

Ze?
6m,c?

(r*) (7.4)

Yma gn —

For cylindrical molecules with length L and diameter D, Yiagn is a tensor with
principal components

I Ze? Ze?

=—— (DY andy: = —
2m3C2< >an ’Ymagn 4meC2

(L* + D?) (1.5)

magn
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Hence, the diamagnetic anisotropy of a uniaxial liquid crystal phase with
orientational order S and n, molecules per unit volume can be found:

. ny,Ze*
e =~ 22 (D) — Y2+ D) 76)

According to (7.6), anisotropy XZ’” may be either positive or negative depending

on the molecular geometry. A very important structural unit of liquid crystal
molecules, a benzene ring has negative diamagnetic susceptibility with the maxi-
mum absolute value along its normal due to the maximum &i current along the ring
perimeter. For this reason, elongated molecules containing two or three benzene
rings have negative susceptibility with minimum absolute value along their longi-
tudinal axes that is along the director. For such molecules <L* 4+ D*>/2 exceeds
<D?*> in (7.6) and calamitic uniaxial phases formed by several benzene fragments

have positive diamagnetic anisotropy y“. along longitudinal axes. Typically, in

nematic and SmA phases shown in Fig. 7.2, the diamagnetic susceptibilities are
almost independent of temperature.
In some rare cases, e.g., when a calamitic phase consists of solely aliphatic

compounds or cyclohexane derivatives, its anisotropy xZi“ is very small and can

even vanish. As to the discotic mesophases, they have, as a rule, negative diamag-
netic anisotropy 3¢ = ;{ﬁ’“ — y%@ < 0 due to a considerably larger value of the
susceptibility component perpendicular to the director (for discotics 74 would be

closer to zero line than del"” in the plot similar to Fig. 7.2).

Fig. 7.2 Qualitative
temperature dependences of
the principal components
of diamagnetic (negative)
and paramagnetic (positive)
susceptibility for calamitic
compounds in the isotropic,
nematic and SmA phases
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7.1.3 Paramagnetism and Ferromagnetism

7.1.3.1 Paramagnetism

The susceptibility of paramagnetic substances is mostly determined by permanent
magnetic moments p,,, which are aligned by the magnetic field. The field induced
magnetization is determined by the total projection of n, molecular magnetic
moments in a unit volume onto the field axis

Mparq = nypm(cos )

where 0 is an angle between individual dipole p,, and field H. In the isotropic phase
such a distribution is given by the Langevin formula [3]:

| exp(—p,H/kgT) cos 0dQ
(cos8) =

- J exp(—p, H/kgT)dQ = L(pmH /kgT)
Q

= cth(p,,H/kgT) — (kgT /pmH) (7.7
Here x = p,H/kgT and L(x) = cth(x)—(1/x) is the Langevin function. Forx << 1,
cth(x) = 1/x + x/3 -... and <cos®> = x/3. Therefore, for a weak magnetic field,

pmH << kgT, the magnetization is:

_ n‘,p,ZnH
para — 3kBT

(7.8)

What is a nature of p,, in a molecular system? The molecular paramagnetism is
mostly originated from the unpaired electron spins. The magnetic moment for a free
electron spin is

Py = —8 lpg\/s(s+1)

where s is spin quantum number, p; = ¢ h/2m€ ¢ 1s Bohr magneton for electron and
g = 2.0023 is Lande factor. According to (7.8), the spin magnetization and suscep-
tibility follow the Curie law, yocT™ '

g ups(s +1)
3ksT

g ups(s +1)

M, =n,
s =0 s T

H and y, = n, (7.9)

Typical temperature dependencies of paramagnetic susceptibility }”““ are pic-

tured in the same Fig. 7.2 in comparison with %% The order of magnitude of both
x¥ and y"“* is 107". As far as the nature of the paramagnetic anisotropy is
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concerned, it should be noted that in molecules the unpaired spins are almost free to
rotate. Therefore, their alignment, e.g. by an external magnetic field, needs not be
accompanied by alignment of molecular skeletons. In reality, however, there is
some coupling between spins and molecular axes. The g-factor becomes a tensor
due to interaction of the unpaired electron spins with the angular momentum of
molecular orbitals (the so-called spin-orbit interaction). This is a reason for the
anisotropy of paramagnetic susceptibility of liquid crystals. For a uniaxial phase,
the paramagnetic anisotropy is given by

2
ara I’l\,u S(S + 1)
1" == 7 S(gl &) (7.10)

where S is the orientational order parameter and (g3 — gﬁ) is anisotropy coming
from the g value. The latter determines a sign of paramagnetic anisotropy yha.
Like diamagnetic anisotropy xf’”, 7b¥“may be either positive or negative depending
on orientation of the g-tensor with respect to the director. For instance, y2““ < 0 for
elongated calamitic complexes of copper II with d” electron configuration. Differ-
ent compounds of this sort can be oriented either perpendicular or parallel to the
magnetic field depending on competition with the positive diamagnetic contribu-
tion. On the other hand, vanadyl (VO) d' complexes manifest both yb®4 > 0 and

y%a > 0 and are always oriented along the magnetic field.

7.1.3.2 Ferromagnetism

The ferromagnetism of organic compounds has been observed only recently. These
are compounds containing Fe, Ni, Co atoms and the ferromagnetic state is found at
very low temperatures (few K), at which a liquid crystal state is not observed yet.
However, ferromagnetic materials can be prepared from colloidal suspensions of
small solid ferromagnetic particles, even nanoparticles (e.g., magnetite Fe,O3 or
ferrite Fe;0,4) in liquids. Such solutions are called ferrofluids. Since these particles
have permanent magnetic moments p,,, under a magnetic field they can be oriented.
In ferrofluids they form chains, which are arranged in ordered patterns.

The same particles can be introduced into liquid crystals, e.g. into nematics [4].
If the guest particles are elongated they may be aligned by a liquid crystal (host)
even in the absence of the magnetic field, e.g. by a surface treatment (without
macroscopic magnetization). The external magnetic field will orient the magnetic
moments of particles, which, in turn, orient the liquid crystal matrix. Such nematic
suspensions of particles show very interesting magneto-optical properties (a guest-
host effect in ferrofluids).
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7.2 Dielectric Properties

7.2.1 Permittivity of Isotropic Liquids

Liquid crystals are anisotropic fluids and the discussion of their dielectric properties
is based on the fundamental ideas obtained for isotropic liquids. We recall the
relevant results.

7.2.1.1 Dielectric Spectrum

The Maxwell equations for the electromagnetic field in conductive materials such
as organic liquids read:

cuﬂE:_E.aH ¢ OE 4rn
c

o and curle—&-z-E—i—TGE (7.11)

Here E and H are vectors of electric and magnetic field strength, () and p(w)
are frequency dependent dielectric and magnetic permittivities, G is permanent
conductivity. In the second equation, the two terms describe the displacement and
Ohmic current, respectively.

In the limit of ® = 2nf — oo no dynamic process in medium can follow the
field; the electric polarization P = ®E vanishes (i.e. dielectric susceptibility
x® — 0) and the displacement vector D = (1 + 4my®)E coincides with E, that is
e =1 + 4my® — 1. With decreasing frequency, fast electronic processes have
enough time to follow the field and, at optical frequencies, € = n” (n is refraction
index) shows peculiarities related to electronic absorption bands (normal and
abnormal dispersion). With further decreasing frequency other processes such as
molecular rotations and vibrations begin to contribute to the electric polarization
and £ = n* again increases, see Fig. 7.3.

On the other hand, since for the sine-form field 0E/0t x oFE the role of
permanent conductivity ¢ decreases with increasing frequency, in the high fre-
quency limit ® >> 1/t = 4nG/e a material can be considered as non-conductive.
The time Ty = €/4nc is called Maxwell dielectric relaxation time. Later we shall
meet it again under another name ‘““space charge relaxation time”.

7.2.1.2 Local Field, Clausius-Mossotti and Onsager Equations

The vectors of electric displacement D and polarization P are also coupled by the
additional Maxwell equation:

D E+4xP . P e—1
=—=—_""=1+47P/E and === 712
£=% 3 +4nP/E and g E= an (7.12)
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Fig. 7.3 Qualitative frequency spectrum of the dielectric permittivity

Fig. 7.4 Lorentz model for
the local field. Polarization of
an ellipsoidal form dielectric
sample and appearance of
depolarizing field E; (a),
Lorentz cavity field E, and
the field of individual
molecules within the cavity
E; (b)

How can we relate these macroscopic quantities to the microscopic parameters
of molecules such as polarizability or a dipole moment? With some precautions, the
polarization of an isotropic liquid may be found as a sum of the field induced
molecular dipole moments whose number coincides with the amount of dipolar
molecules in the unit volume n, = pNa/M (p is mass density, N is Avogadro
number, M is molecular mass):

P=> p,=n7En (7.13)

ny

Here v is average molecular polarizability (generally, v;; is a tensor), Ejoc is a
local electric field acting on each molecule and p, is a field induced electric dipole
in a molecule. So, if we find E,,. we could calculate P and then the value of €, using
Eq. 7.12, and known macroscopic field E in the sample, see Fig. 7.4a.
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The local field can be found, e.g., from some models, particularly the Lorentz
model [3]. For its discussion we select a single molecule and surround it by a
fictitious spherical cavity shown in Fig. 7.4b. Then E, is a sum of four fields:

Eioe =Eo+E| +E; + E; (7.14)

Here, E is an external field created by charges located outside of the sample;

E,;=—kP is a depolarizing field from the charges formed at the external surfaces
(upper sketch);

E, is the Lorentz field coming from the charges at the inner surfaces of the cavity;
and

E; is the field from all molecules inside the cavity except that one we have selected.

The depolarization field is opposite to the external field and factor k is generally
a tensor dependent on the shape of the sample. For samples in the form of the
ellipsoid, oriented with one of its axes along the field, depolarizing factors become
scalars k; dependent on the ratios of ellipsoid axes. For instance, for a spherical
sample k = 4n/3, for a thin plate with the field perpendicular to its surface, k = 4n.

From Fig. 7.4a follows that the macroscopic field in the sample E = Eq+
E; = Ey—kP. When polarization P is very high, the macroscopic field is consider-
ably reduced. The Lorentz field E, is parallel to the external field and, for a
spherical cavity, is equal exactly to +4nP/3. Therefore, when both the sample
and the cavity are spherical,

Eioc =Eg—4 nP/3 44 nP/3 + E; = Eg + E;.

Due to high symmetry, for all isotropic liquids (and all cubic crystals), field E;
acting on the selected molecule from its neighbors is exactly compensated. Thus,
for a spherical isotropic sample the local field is equal to the external field:

Eloc = EO

For an isotropic sample of an arbitrary form, the depolarization field E, is form-
dependent and E,,. should be written as

Eo =Eo+E, +41P/3=E +4 nP/3 (7.15)

It should be noted that, if a sample is connected directly to the electric voltage
source (fixed potential difference across electrodes), there is no depolarization
charges on the external surfaces of the sample. In this case, E; = 0 and the local
field acting on a molecule in the cavity is given by

Eic = Eo+4 nP/3 = (2E +D)/3 = Eo( & +2)/3. (7.16)
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With the local field found, we obtain a relation between the macroscopic field in
the sample E, polarization P and the local field acting on a particular molecule, see
Egs. 7.13 and 7.15:

4
P = n,yEi. = n,y(E + ?RP). (7.17)

Solving the latter for P we find the microscopic value of electric susceptibility:

P nyYy
E v
e (7.18)
E — %nvﬁ/

This equation has a singularity at y — 3/47nn,: for large enough molecular
polarizability the macroscopic susceptibility and, consequently, polarization
become infinite. This phenomenon is called polarization catastrophe. In a more
subtle approach, the polarization remains finite and exists even in the absence of the
external field (spontaneous polarization Pg). The spontaneous polarization is
responsible for pyro- and ferroelectricity in solid and liquid crystals, however it is
not observed in the isotropic liquid (see Chapters 4 and 13).

Finally, combining (7.18) with definition& = 1 + 4my" we arrive at the Clausius-
Mossotti equation (N4, is Avogadro number):

e—1 dmn,  4npNy,
e+2 3 T 3m

(7.19)

This equation relates the macroscopic value of dielectric permittivity € to
microscopic parameters of medium. For instance, from measurements of capaci-
tance of a liquid by a dielectric bridge one finds dielectric constant and then
calculates molecular polarizability 7.

Molecular polarizability includes electronic Y., and orientational v, parts. The
first of them is frequency and temperature independent and, at optical frequencies,
the Lorenz-Lorentz formula is valid:

n?—1  4npNy
242 3M

(7.20)

The second, dipolar part of polarizability is related to the orientational suscepti-
bility of permanent dipole moments p. and can be found from the Langevin
equation (7.7) as in the case of paramagnetism (only p,, is substituted by p.):

n,p*E
dip = 3538T (7.21)
We see that the dipolar susceptibility obeys the Curie law:
2
Yor = 728 (7.22)

T BkgT
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Using the last three equations one can find molecular parameters 7y, and p, from
independent measurements of density, refraction index and temperature depen-
dence of dielectric permittivity at a low frequency.

The Clausius-Mossotti equation is based on the simplest (Lorentz) form of the
local field. In reality, the induced dipole in the selected molecule also creates an
additional, reaction field that modifies the cavity field. On account of these factors
Onsager has obtained the following equation for dielectric permittivity

4mpNy P2
—1= Fh F— 7.23

where the cavity A and reaction field F factors are:

(2e+1)(n? +2)
h:38/28+1, F:W
The Onsager equation agrees quite well with experimental data on liquids and
liquid crystals and will be generalized for calculations of the tensor &;; in nematic
liquid crystals.

7.2.2 Static Dielectric Anisotropy of Nematics and Smectics

7.2.2.1 Maier-Meier Theory

In experiment on nematic liquid crystals, both positive and negative anisotropy &, is
observed, the sign depending on chemical structure. The magnitude of ¢, is often
proportional to orientational order parameter S. In the isotropic phase the anisotropy
disappears. Typical temperature dependencies of g, and €, are shown in Fig. 7.5.
These observations can be accounted for by the Maier-Meier theory [5]. The latter
is based on the following seven assumptions:

1. the molecules are spherical with radius a, but their polarizability is tensorial,
Yo=Y —7vL>0

2. the point molecular dipole p. makes an angle [ with the axis of maximum
molecular polarizability

3. anematic liquid crystal has a center of symmetry and characterized by orienta-
tional quadrupolar order parameter S

4. the analysis is performed within the framework of Onsager’s theory of polar
liquids, and the mean dielectric susceptibility <e> was taken for the calculation
of the Onsager factors / and F, introduced above

5. the dielectric anisotropy is assumed to be small, g, = lg-¢ | << <e>

6. when calculating the reaction field the tensor nature of electronic polarizability
Yij was neglected and the average value <y> = (y) + 2v,)/3 was used

7. the interaction between molecules is disregarded



162 7 Magnetic, Electric and Transport Properties

Fig. 7.5 Typical temperature 30~
behavior of principal
dielectric permittivities for
two nematic liquid crystals, wr
one with positive (solid lines)
and the other with negative
(dash lines) dielectric 201~
anisotropy
€iso
10—
0 I | I | )

50 100 T °C

With these restrictions, Maier and Meier have calculated two principal compo-
nents of dielectric permittivity and dielectric anisotropy:

__ 4npNy4 ) p? 1 2
g —1= i Fh{(y} + /3YaS+F3kBT[1 2(1 3cos“B)S]
_ 4pN4 1 p? 2
g, —1= M Fh{(y} /3YaS +F3kBT[1 + (1 —3cos™B)S]
4npN 2
€ =& — &L = il AFh Y. — F Pe [(1- 300523) S (7.24)
2kpT

The equations have the Onsager form. In the isotropic phase, S = 0, ¢, = ¢, =
€iso and equation (7.24) reduces to (7.23). The theory results in the following
conclusions:

1. The average molar dielectric susceptibility of the nematic phase (¢ — 1)M /4np
is independent of parameter S and equal to the molar susceptibility of the
isotropic phase <e€> y = €;5,. Thus, the theory cannot explain a discontinuity
of <&> at the Iso-N transition shown in Fig. 7.6 by a dashed line.

2. For a specific value of the angle (B &~ 55) between the dipole moment and the
axis of maximum polarizability of the molecule, given by 1 — 3cos?*f = 0, the
contribution from the orientational polarization to €, becomes zero [6]. For
somewhat larger value of the angle B determined by condition

2

P2 2
_F 1— —
Ya = P32 ((1 = 3c0°h) =0,
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Fig. 7.6 Discontinuity of the
average dielectric
permittivity at the nematic —
isotropic phase transition for a
nematic with negative
dielectric anisotropy

Fig.7.7 Location of a molecular dipole moment with respect to the longitudinal molecular axis of
a molecule. Note that in the Maier-Meier theory the dipole moment forms angle 3 with the axis of
maximum polarizability of a spherical molecule

the dielectric anisotropy completely vanishes. This agrees with experiment: the

anisotropy changes sign with a change of the angle B the dipole forms with the long

molecular axis, Fig. 7.7, which, indeed, is the axis of maximum polarizability for
rod-like molecules. For nematics with molecules having large longitudinal dipole
moment, the anisotropy is positive, €, > 0. For molecules with large transverse

dipole moment ¢, < 0.

3. The temperature dependence of average dielectric permittivity <e> enters the
equations both explicitly (term kzT') and through S (the additional contribution
from & and F is weak) while g, is directly proportional to S. The latter corre-
sponds to the uniaxial symmetry of the dielectric permittivity with a tensor form
of Eq. 3.16.

€ = (&) + g4[nanp — (1/3)8,p] = €188 + €a(nynp) (7.25a)

Note that
(e) = (g +2e1)/3=¢1 +g/3—c1/3=¢1 +5&,/3

Using Eq. 7.25a one can calculate the value of the dielectric permittivity £(3,¢)
of a uniaxial phase at any angle with respect to the director. Let the director is
rigidly fixed by a strong magnetic field along the z-axis, n = (0, 0, 1). Then the
single term n.n, = 1 is finite and Eq. 7.25a has a familiar form:

e, 0 O 0 0 O g, 0 0
e=|0 e O|+]10 0 O0)=[0 € 0
0 0 g 0 0 g 0 0 ||
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Assume that a very weak electric field is applied at angles 3 and @, respectively,
to the z and x axes: E = (Ecos3cos@, Ecosdsing, Ecosd). Then we can calculate
the components of the displacement vector:

D, e, 0 O Esin3cosqp  FEe)sinBcoso
Dy,=10 e 0 |-Esin9sing = Eg; sinOsing
D, 0 0 g Ecosd Eg)cosd

and find D? = D? + D§ + D? = e2E? = E*(¢}sin?9 + sﬁcos29). Hence, the dielec-
tric permittivity &(3,¢) is found to be independent of the azymuthal angle ¢ as
expected for a uniaxial material:

e(9) = (8isin28 + 8ﬁ00$28)1/2. (7.25b)

It is evident that the same formula (7.25b) is valid for any properties of uniaxial
phases described by a tensor of the type (7.25a) such as magnetic susceptibility,
thermal and electric conductivity, diffusion and others.

The displacement can be written in the vector form as D = ¢, E + &,(nE)n and
the electric field contribution to the free energy density is given by:

ED _ _Sip_ gy (7.26)

Bel = C 8n 87 87

to be compared with the magnetic counterpart (7.2).

7.2.2.2 SmA Phase and the Role of the Positional Order

Generally speaking, the Maier-Meier theory [5] explains all essential static dielec-
tric properties of the nematic phase [7, 8]. The transition from the nematic to the
smectic A phase is accompanied by an increase in the orientational order S. When
molecules do not possess very large longitudinal dipoles, the set of Maier-Meier
equations is still valid even in the SmA phase. Typically, the dielectric anisotropy
increases proportionally to S, as shown in Fig. 7.8. In this case, a periodicity of the
smectic A density is not important. However, in many compounds, on approaching
the SmA phase, the dielectric anisotropy decreases despite increasing orientational
order [9]. It can even change sign either in the nematic or in the smectic phase as
shown in Fig. 7.9.

This effect originates from the anisotropic dipole-dipole correlations not
accounted for by the Maier-Meier theory operating with a single particle distribu-
tion function. When, with decreasing temperature, the smectic density wave p(z)
develops (even at the short-range scale) the longitudinal dipole moments prefer to
form antiparallel pairs and the “apparent” molecular dipole moment becomes
smaller. This would reduce positive ¢,. Theoretically, dipole-dipole correlations
may be taken into account by introducing the so-called Kirkwood factors.
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Fig. 7.8 Typical temperature SmA | N
behavior of the principal
dielectric permittivities in the
nematic and SmA phases
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7.2.2.3 Smectic C Case

The point group symmetry of the SmC phase (C,y,) is different from that of the N
and SmA phases (D). Now the tensor of dielectric permittivity is represented by a
biaxial ellipsoid with three different components €, €, and &3 as shown in Fig. 7.10.
The component €3 is parallel to the director (e3 = g)), €; is parallel to the symmetry
axis C,, and ¢, is perpendicular to the both €3 and €,. The biaxiality, however, is
weak €, = ¢,.

7.2.3 Dipole Dynamics of an Isotropic Liquid

To set the stage for discussion of frequency dispersion of liquid crystal permittivity
we turn back to the isotropic liquids. First we shall find a characteristic relaxation
time for molecular dipoles and then discuss real and imaginary components of the
permittivity [10].

7.2.3.1 Dipole Relaxation

An applied electric field reduces the symmetry of an isotropic liquid from Kj, to
C.v and creates anisotropy in the angular distribution function of dipoles; the
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Fig. 7.10 Three principal €5
permittivities of the biaxial
SmC phase; €5 is parallel to
the director, &, is parallel

to symmetry axis C,, and g
is perpendicular to the both
€3 and &

€2

Fig. 7.11 Angular
distribution of molecular
dipoles in the isotropic phase
without external field (dash
curve sphere) and with the
electric field applied (solid
line)

distribution function becomes elongated in the field direction, Fig. 7.11. If we forget
for a while about the role of temperature then the angular motion of the dipoles in
the electric field E can be described by equation of motion:

d*9 ds .
W—F gE = —p,Esin$ (7.27)

Here, 9 is the decreasing with time angle between the dipole and E and & is a
friction coefficient for a change of 9 angle [g.cm?s™']. Usually, due to high
viscosity of a liquid, the inertial term may be neglected. Then

d_S_ _peEsin\‘}
dr 3

Since the contribution of the considered dipole to the field-induced polarization
is given by its projection on the E-axis, p,” = p,cos9, the rate of the increase of this
projection is

dp;
dt

s , Esin®9
a P

= —p,sin Y
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From here the kinetic equation may be written for the electric field induced
polarization in the system of n, dipoles in a unit volume with initial arbitrary
orientation:

dPg _ mp?E(vsin29> P (7.28)
dt < (%))

The second term on the right of (7.28) i.e. the dipole disorienting factor describes
the relaxation of dipoles due to a finite temperature. The multiplier <sin>9> may be
considered as a numerical coefficient £ ~ 2/3, as if the distribution function is
spherical even in the electric field. In fact, a more precise value was found by Debye
by averaging the Pg value over 3 with the field-induced dipole distribution function
shown qualitatively in Fig. 7.11. Since the thermal motion of dipolar molecules
destroys the field induced polar order, we introduce a thermal relaxation time tp, as
the first (linear) approximation of the relaxation rate. In order to find this time, we
should exclude Pg from the kinetic equation.

In the steady-state regime, dPg/dt = 0, and the value of the dipole polarization is

2anL2,E
3¢

This value may be compared with that found from the Langevin formula, see
Eq. 7.21. From the comparison, the relaxation time for molecular dipoles is found:

_t
2kgT

PE = 1D (729)

™D (7.30)

Now, if we assume that a dipolar molecule has a spherical form of volume (4/3)na’
and rotates in continuous medium with viscosity 1 [units g.cm~'s~' (Poise)], then
the friction force may be written as & = 8nna’ and 1p = 4nna® /kpT. This model is
very simple, however, it predicts a correct magnitude and temperature dependence
of relaxation times for dipoles in an isotropic liquid.

In the dispersion region ® ~ 15!, molecular dipoles follow the electric field with
some lag, i.e. the orientational component of polarization P has some phase
retardation with respect to field E. Therefore, the dielectric permittivity becomes
complex functions of frequency

e =¢ +i¢ (7.31)

The imaginary part describes dissipation of energy due to molecular friction. It is
called dielectric losses and equivalent to appearance of non-Ohmic electric con-
ductivity. The frequency dependence of £* can be written in the form of the Debye
dispersion law [10]

£(0) — &(c0)
1-— i(D‘ED

g —g(oc0) =

(7.32)
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where €(0) and €(oc0) correspond respectively to zero frequency and to the frequen-
cies essentially exceeding the relaxation frequency region, ® >> 15! (in that
range, €(co) = n?, n is refraction index, as shown in Fig. 7.3).

The two components of the permittivity are:

, €(0) —¢g(o0 s 1€(0) —g(o0)]mt
sy 1B Ol

and the corresponding spectra of €’ and €” are illustrated by Fig.7.12a. The ratio of
the two components determines the phase angle, Fig.7.12b:

8”
tan p = —

—— =01 (7.34)
g —g(00)

7.2.3.2 Debye and Cole-Cole Diagrams

Very often a rotation of a complex molecule includes a motion of different
molecular dipoles and the dielectric spectrum £”(®) is not as simple as shown in
the picture. It becomes somewhat blurred and the correspondent time T cannot be
found with sufficient accuracy. In order to improve the analysis, a simple procedure
is used based on the Debye Eq. 7.32.

Note that sin$ =tand/+4/1 + tan’$ and cos ¢ = 1/4/1 + tan?d. Then the

equations (7.33) can be cast in the new form:

a b
A
€'(0)
8” 8*
€(0)+g(0)
— - - 2
© 8,—8(00)
e e — — — - __&0)—g(=)
| 2
: o "
E/(0o) [rmesmeemmesime o gl e G,
.o’ I °0..
L aaassu® 1 *400es000aal =
0.01 0.1 1 10 100 ot

Fig. 7.12 Frequency dependence of the real (solid line) and imaginary (dash curve) parts of the
dielectric permittivity of an isotropic liquid (a) and the definition of the phase angle ¢ (b)
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ﬁ = cos’p =14 Lcos2¢ ﬁﬁg(m) = sin$ cos ¢ = §sin2¢
or
;_&(0) +£(0)  £(0) —&(0) y_ &(0) —&(o0) .
g = > + > cos2¢p €' = 5 sin2¢p  (7.35)

The new equations may be regarded as the parametric representation of the
equation of a circle of radius R with a center at xq, yo: x = x9 + Rcos2¢
and y = yo + R sin2¢ with angle ¢ related to frequency by Eq. 7.34. Consequently,
plotting the experimental dependence of £” against €' at different frequencies @ should
give us a semi-circle (¢” > 0) with its center at a point & = [e(c0) + £(0)], €' =0
and a radius [e(co) — £(0)], as shown by the Debye diagram, Fig.7.13a. If, in the
experiment, the points do lie on such a circle we can find the single dipole relaxation
time from any particular point on the circle using Eq. 7.34.

In a number of cases, the experimental points also form a part of a circle with a
center that, however, lies below the &” axis, see Cole-Cole diagram in Fig. 7.13b.
Then the frequency dependence of the dielectric permittivity can be described by
the empirical equation

£(0) — &()

&'(0) —&(o0) =+ P

(7.36)

where the angle h/2 defines the position of the center. The relaxation time can be
found from the relationship wtp = (V/u) '~" after location of the circle center. For
h = 0, v/u = tan¢ and the Cole-Cole equation reduces to the Debye equation. The
parameter 4 tends to increase with the number of degrees of freedom in the
molecule (for example, through the rotation of the dipole moments of various
molecular groups) or with increasing temperature.

In a mixture of different dipolar molecules with strongly different relaxation
times, several maxima of €” will be observed and several characteristic semi-circles
can be drawn. As a rule, the relaxation times do not differ so much and the

el el
(O]
3 (o))
®2
(,l)l (J)l

3 20 v

£() £(0) & e L2 £0) &

Fig. 7.13 The Debye (a) and Cole-Cole (b) diagrams for calculations of characteristic dipole
relaxation times
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corresponding maxima in the dielectric spectra are not resolved. In this case, the
Debye and Cole-Cole diagrams are very useful for calculations of different tp.

7.2.4 Frequency Dispersion of €, and € |, in Nematics

7.2.4.1 Relaxation Modes

Basically the experimental observations of dielectric relaxation in nematics are
consistent with Fig.7.14. There are three characteristic modes: the rotation of
molecules about short molecular axes (the lowest frequency m; ~ 10° Hz); the
precession of long molecular axes about the director n (the middle frequency
W, ~ 108 Hz); and the fast rotation of molecules about long molecular axes (the
highest frequency w; ~ 10° Hz) [6]. The corresponding dielectric spectra are
shown in Fig.7.15. The most striking feature is strong retardation of the permittivity
component parallel to the director, i.e. g-relaxation, 1 = ol= J||Tiso (retardation
factor j; = 10-100) and some acceleration of €, -relaxation 7, = ®; = T
(acceleration factor j, ~ (0.5) with respect to the g-relaxation in the isotropic

w3

O]

Fig. 7.14 Three characteristic relaxation modes for rotation of molecules in nematic liquid
crystals: slow rotation about short molecular axes with frequency ®; the precession of long
molecular axes about the director n with middle frequency m,; and fast rotation of molecules about
long molecular axes with frequency w3

Fig. 7.15 Spectra of
principal dielectric
permittivities for nematic
phase. Characteristic
dispersion ranges correspond
to relaxation modes with
frequencies ®;, @, and m;
illustrated by Fig. 7.14 log ®
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phase. Moreover, a growth of t,(T) with decreasing temperature (i.e., with increas-
ing S) is much faster than that predicted by the Arrhenius law for viscosity.

Evidently, the nematic order strongly influences the relaxation of ¢, and ¢, .
An individual rod-like molecule feels the nematic potential curve W(cos3), (see
Fig. 6.21), whose form is an inverse of the molecular distribution function in
Fig. 3.15. In fact, each molecule moves in the potential well of the depth about
0.15 eV with a minimum centered at 3 ~ 0 or ©. This prevents deviation of the
molecule through large angles from the director n. A primitive, but useful mechan-
ical model for this situation is a rod-like molecule in a rubber tube, Fig. 7.16. For 3
deviation from O to m/2 the molecule has to overcome a high barrier Wy and its
angular velocity and frequency decreases dramatically down to ®; (case @). The
retardation factor depends on the height of the barrier. Theoretically this can
approximately be written as

kT Wy
= — Xp —
=y Pt

This expression gives a correct order of magnitude for the retardation factor (for
Wy = 0.16eV and T = 400K, kgT/Wx =~ 0.21 and the retardation factor is about
25). Note that the retardation is controlled not by a molecular dipole moment, but
rather by a molecular shape.

For rotation of the same molecule about its long axis (frequency ;) there is no
barrier (case b). To some extent, such rotation in the nematic phase is even easier
than in the isotropic phase (friction is less). Therefore, instead of retardation we
have acceleration, j, < 1.

When rigid molecules precess (case ¢) about the director at small 9 angles within
the flat potential minimum they are more or less free. Therefore, frequency , cor-
respond to a quite fast molecular motion and the precession contributes to both g
and € (case c). All the three dispersion regions are observed by dielectric spectros-
copy techniques [11].

a b

Fig. 7.16 A mechanical model that helps to understand the process of retardation or acceleration
of molecular rotation in the nematic potential: slow hindered rotation of molecule at the angles
9 = m/2 (a), fast accelerated rotation about long molecular axes at the angles 3 =~ 0 or © (b) and
quite fast molecular precession within small $-angles (c)
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7.2.4.2 Dual Frequency Addressing

Experiments show that with increasing molecular length jj-factor increases dramat-
ically. For terphenyl derivatives, frequency ®; can be shifted down to 1-10 kHz.
The simple theory discussed above does not consider a molecular length but
intuitively it is understandable in the framework of the same mechanical model.
The low frequency dispersion of g is seen in Fig. 7.17 against the background of
almost constant €, . Therefore there is an inversion point for the sign of dielectric
anisotropy at a certain frequency fin,; €, > 0 for f < fi, and €, < O for f > fi,,.
This is very interesting for display applications because an external field of low
frequency (say, at 1 kHz) aligns the director (that is the optical axis) along the field,
while at an enhanced frequency (say, at 10 kHz) the director is aligned perpendicu-
lar to the field. Changing frequency of the field one can switch the director very fast
because, in this, so-called dual-frequency addressing regime, the director always
suffers a torque &,E> from a strong field and the switching rate is high 1" o g,E°.
Since the field is never switched off, the slowest process of the director free
relaxation is excluded.

7.3 Transport Properties

7.3.1 Thermal Conductivity

According to Fourier law, the scalar coefficient of thermal conductivity k relates
the thermal flux density Q [in erg/cm’s] to the gradient of temperature Q = —k V T
[units of k: erg/cm.s.K]. The corresponding thermal diffusion coefficient [in cm?/s]
includes density of substance p and heat capacitance C}, (at constant pressure)

th = k/pCp

and determines the time Tt of the heat transfer over the distance Lt called a thermal
diffusion length:

2
w="L1hp, (7.37)

Fig. 7.17 Spectra of
principal dielectric
permittivity components
showing the inversion of the
sign of dielectric anisotropy
at a particularly low
frequency f;,,,
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This formula comes about from the general expression for the diffusion (ran-
dom) process, like the Brownian motion, and relate average distance passed by a
random-walking particle to time t (x?) = 2Dt derived by Einstein and Smolu-
chowski in the beginning of twentieth century. The temperature dependence of the
thermal conductivity in the nematic and smectic A phase resembles that of the
magnetic susceptibility [12]. A good example is p-octyl-p’-cyanobiphenyl (8CB),
see Fig. 7.18. No such sharp anomalies in & at the phase transitions are observed as
manifested, for instance, by the specific heat discussed in Section 6.2.4. The reason
is that the thermal conductivity is mainly determined by a single-particle molecular
distribution function whereas the specific heat dramatically depends on the long-
range fluctuations of the order parameter.

In anisotropic phases the magnitude of the thermal flux depends on the direction
of gradient VT:

oTr
Ql - klj 8_Xj .

In the case of a uniaxial phase, the thermal conductivity tensor has a familiar
form (7.25a): kjj = k. 8;; + kyninj, where k, = k)| — k>0 for calamitic phases and
k, < 0 for discotic ones.

At present the coefficients k; and k, are measured by sophisticated techniques
such as a.c. adiabatic calorimetry, photoacoustic and photopyroelectric methods.
The latter is very sensitive and allows the measurements using small amounts of
liquid crystals [13]. The idea is demonstrated by Fig. 7.19. The light beam (shown
by arrows) of intensity / is modulated by a chopper according to the law of
I = I,cosmt and absorbed by black paint on the bottom of a quartz block. The
heat flux traverses the properly aligned liquid crystal layer (LC) and reaches a
crystalline pyroelectric detector. The latter generates an electric signal at frequency
. A lock-in amplifier (LA) analyzes the amplitude and phase of the signal. The
measured amplitude provides the thermal energy reached the detector; the phase
